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Abstract: Shallon invented a means of deriving algebras from graphs, yielding numerous 
examples of so-called graph algebras with interesting equational properties. Here we study 
directed graph algebras, derived from directed graphs in the same way that Shallon’s undi- 
rected graph algebras are derived from graphs. Also we will define a new map, that obtained 
by Cartesian product of two simple graphs pn, that we will say from now the mah-graph. 
Next we will discuss algebraic operations on mah-graphs. Finally we suggest a new algebra, 


the mah-graph algebra (Mah-Algebra), which is derived from directed graph algebras. 
Key Words: Direct product, directed graph, Mah-graph, Shallon algebra, kM-algebra 


AMS(2010): 08B15, 08B05. 


§1. Introduction 


Graph theory is one of the most practical branches in mathematics. This branch of mathematics 
has a lot of use in other fields of studies and engineering, and has competency in solving lots of 
problems in mathematics. The Cartesian product of two graphs are mentioned in[18]. We can 
define a graph plane with the use of mentioned product, that can be considered as isomorphic 
with the plane Zt « ZT. 

Our basic idea is originated from the nature. Rivers of one area always acts as unilateral 
courses and at last, they finished in the sea/ocean with different sources. All blood vessels from 
different part of the body flew to heart of beings. The air-lines that took off from different part 
of world and all landed in the same airport. The staff of an office that worked out of home and 
go to the same place, called Office, and lots of other examples give us a new idea of directed 
graphs. If we consider directed graphs with one or more primary point and just one conclusive 
point, in fact we could define new shape of structures. 

A km-map would be defined on a graph plane, made from Cartesian product of two simple 
graphs p,*p,. The purpose of this paper is to define the kh-graph and study of a new structure 
that could be mentioned with the definition of operations on these maps. 

The km-graph could be used in the computer logic, hardware construction in smaller size 
with higher speed, in debate of crowded terminals, traffics and automations. Finally by rewriting 
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the km-graphs into mathematical formulas and identities, we will have interesting structures 
similar to Shallon’s algebra (graph algebra). 

At the first part of paper, we will study some preliminary and essential definitions. In sec- 
tion 3 directed graphs and directed graph algebras are studied. The graph plane and mentioned 
km-graph and its different planes and structures would be studied in section 4. 


§2. Basic Definitions and Structures 


In this section we provide the basic definitions and theorems for some of the basic structures 
and ideas that we shall use in the pages ahead. For more details, see [18], [23], [12]. 

Let A be a set and n be a positive integer. We define A” to be the set of all n-tuples of 
A, and A° = @. The natural number n is called the rank of the operation, if we call a map 
@: A” — Aan n-— ary operation on A. Operations of rank 1 and 2 are usually called unary and 
binary operations, respectively. Also for all intends and purposes, nullary operations (as those 
of rank 0 are often called) are just the elements of A. They are frequently called constants. 


Definition 2.1 An algebra is a pair < A, F > in which A is a nonempty set and F =< fj: 
i€ I> is a sequence of operations on A, indexed by some set I. The set A is the universe of 


the algebra, and the f;’s are the fundamental or basic operations. 


For our present discussion, we will limit ourselves to finite algebras, that is, those whose 
universes are sets of finite cardinality . The equational theory of an algebra is the set consisting 
of all equations true in that algebra. In the case of groups, one such equation might be the 
associative identity. If there is a finite list of equations true in an algebra from which all 
equations true in the algebra can be deduced, we say the algebra is finitely based. For example 
in the class of one-element algebras, each of those is finitely based and the base is simply the 
equation x = y. We typically write A to indicate the algebra < A, F > expect when doing so 
causes confusion. For each algebra A, we define a map p: I > w by letting p(i) = rank(F;) 
for every 7 € I. The set I is called the set of operation symbols. The map p is known as the 
signature of the algebra A and it simply assigns to each operation symbol the natural number 
which is its rank. When a set of algebras share the same signature, we say that they are similar 
or simply state their shared signature. 


If «& is a class of similar algebras, we will use the following notations: 
H(«) represents the class of all homomorphic images of members of «; 
S(«) represents the class of all isomorphic images of sub algebras of members of k; 


P(k«) represents the class of all direct products of system of algebras belonging to x. 


Definition 2.2 The class v of similar algebras is a variety provided it is closed with respect to 


the formation of homomorphic images, sub algebras and direct products. 


According to a result of Birkhoff ( Theorem 2.1), it turns out that v is a variety precisely 
if it is of the form HS P(x) for some class « of similar algebras. We use H'S'P(A) to denote the 
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variety generated by an algebra A. The equational theory of an algebra is the set consisting of 
all equations true in that algebra. In order to introduce the notion of equational theory, we 
begin by defining the set of terms. 

Let T(X) be the set of all terms over the alphabet X = {2o,21,---} using juxtaposition 
and the symbol oo. T(X) is defined inductively as follows: 


(i) every x;,(¢ =0,1,2,---) (also called variables) and oo is a term; 

(iz) if t and ¢’ are terms, then (tt’) is a term; 

(iit) T(X) is the set of all terms which can be obtained from (7) and (2) in finitely many 
steps. 


The left most variable of a term t is denoted by Left(t). A term in which the symbol oo 
occurs is called trivial. Let T’(X) be the set of all non-trivial terms. To every non-trivial term 
t we assign a directed graph G(t) = (V(t), R(t)) where V(t) is the set of all variables and R(t) 
is defined inductively by R(t) = 0 ift € X and R(tt’) = R(t)U R(t’) U {Left(t), Left(t’)}. Note 
that G(t) always a connected graph. 

An equation is just an ordered pair of terms. We will denote the equation (s,t) by s ¥ t. 
We say an equation s * ¢ is true in an algebra A provided s and t have the same signature. In 
this case, we also say that A is a model of s = t, which we will denote by AE s xt. 

Let « be a class of similar algebras and let © be any set of equations of the same similarity 
type as K. We say that « is a class of models U(or that ¥ is true in &) provided A — s * ¢t ) for 


all algebras A found in « and for all equations s + ¢ found in ©. We use & — ¥ to denote this, 
and we use Mod» to denote the class of all models of ©. 

The set of all equations true in a variety v ( or an algebra A) is known as the equational 
theory of v (respectively, A). If © is a set of equations from which we can derive the equation 
s = t, we write UF s +t and we say s & t is derivable from &. In 1935, Garrett Birkhoff proved 


the following theorem: 


Theorem 2.1 (Bikhoffs HSP Theorem) Let v be a class of similar algebras. Then v is a 
variety if and only if there is a set o of equations and a class & of similar algebras so that 
v = HSP(k) = Mod&. 


From this theorem, we have a clear link between the algebraic structures of the variety v 


and its equational theory. 


Definition 2.3 A set © of equations is a base for the variety v (respectively, the algebra A) 
provided v (respectively, HSP(A)) is the class of all models of X. 


Thus an algebra A is finitely based provided there exists a finite set of equations such 
that any equation true in A can be derived from %. That is, if A]: s ~t and © is a finite base 
of the equational theory of A, then Ut s x t. If a variety or an algebra does not have a finite 
base, we say that it fails to finitely based and we call it non-finitely based. 

We say an algebra is locally finite provided each of its finitely generated sub algebras is 
finite, and we say a variety is locally finite if each of its algebras is locally finite. 

A useful fact is the following: 
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Theorem 2.2 Every variety generated by a finite algebra is locally finite. 


Thus if A is an inherently nonfinitely based finite algebra that is a subset of B, where 
B is also finite, then B must also be inherently nonfinitely based. It is in this way that the 
property of being inherently nonfinitely based is contagious. In an analogous way, we define an 


inherently non-finitely based variety 7 as one in which the following conditions occur: 


(i) ¥ has a finite signature; 

(iz) ¥ is locally finite; 

(iit) 3 is not included in any finitely based locally finite variety. 

Let v be a variety and let n € w. The class v\) of algebras is defined by the following 


condition: 


An algebra B is found in v if and only if every sub algebra of B with n or fewer generators 
belongs to v. Equivalently, we might think of v‘” as the variety defined by the equations true 
in v(n) that have n or fewer variables. Notice that (vy C --- C vt) Cp™ Cp") Cc...) 


(n) 
andv=(\reu - 


A nonfinitely based algebra A might be nonfinitely based in a more infectious manner: 


It might turn out that if A is found in HS P(B), where B is a finite algebra, then B is also 
nonfinitely based. This leads us to a stronger non finite basis concept. 


Definition 2.4 An algebra A is inherently non-finitely based provided: 


(i) A has only finitely many basic operations; 
(it) A belongs to some locally finite operations; 
(itt) A belong to no locally finite variety which is finitely based. 


In an analogous way, we say that a locally finite variety vu of finite signature is inherently 
nonfinitely based provided it is not included in any finitely based locally finite variety. In 
[2], Birkhoff observed that uv is finitely based whenever v is a locally finite variety of finite 
signature. As an example, let v be a locally finite variety of finite signature. If the only basic 
operations of v are either of rank 0 or rank 1, then every equation true in v can have at most 
two variables. In other words, v = v?) and so v is finitely based. From Birkhoff’s observation, 
we have the following as pointed out by McNulty in [15]: 


Theorem 2.3 Let v be locally finite variety with a finite signature. Then the following condi- 


tions are equivalent: 


(i) v is inherently non-finitely based; 
(ii) The variety v™ is not locally finite for any natural number n; 
(itt) For arbitrary large natural numbers N, there exists a non-locally finite algebra By 


whose N-generated sub algebras belong to v. 


Thus to show that a locally finite variety v of finite signature is inherently nonfinitely 
based, it is enough to construct a family of algebras B, (for each n € w ) so that each B,, fails 
to be locally finite and is found inside v™. 
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In 1995, Jezek and McNulty produced a five element commutative directoid and showed 
that while it is nonfinitely based, it fails to be inherently based [17]. This resolved the original 
question of jezek and Quackenbush but did not answer the following: 


Is there a finite commutative directed that is inherently non-finitely based? 


In 1996, E.Hajilarov produced a six-element commutative directoid and asserted that it 
is inherently based [5]. We will discuss an unresolved issue about Hajilarov’s directoid that 
reopens its finite basis question. We also provide a partial answer to the modified question of 
jezek and Quackenbush by constructing a locally finite variety of commutative directoids that 
is inherently nonfinitely based. 

A sub direct representation of an algebra A isasystem < h; : i € I > of homomorphisms, all 
with domain A, that separates the points of A: that is, if @ and b are distinct elements of A, ten 
there is at least one i € I so that h;(a) F hi(b). The algebra h,(A) are called subdirectfactors 
of the representation. Starting with a complicated algebra A, one way to better understand its 
structure is to analyze a system < h;(A) 7 € I > of potentially less complicated homomorphic 
image, and a sub direct representation of A provides such a system. 

The residual bound of a variety J is the least cardinal « (should one exist ) such that for 
every algebra A € Vv there is a sub direct representation < hji € I > of A such that each sub 
direct factor has fewer than « elements. If a variety v of finite signature has a finite residual 
bound, it also satisfies the following condition: there is a finite set S of finite algebras belonging 
to ¥ so that every algebra in J has a sub direct representation using only sub direct factors 
from s. 

According to a result of Robert Quackenbush, if a variety generated by a finite algebra has 
an infinite sub directedly irreducible member, it must also have arbitrarily large finite once [20]. 
In 1981, Wieslaw Dziobiak improved this result by showing that the same holds in any locally 
finite variety [3]. A Problem of Quackenbush asks whether there exists a finite algebra such 
that the variety it generates contains infinitely many distinct (up to isomorphism) sub directly 
irreducible members but no infinite ones. One of the thing Ralph McKenzie did in [13] was to 
provide an example of 4-element algebra of countable signature that generates a variety with 
this property. Whether or not this is possible with an algebra with only finitely many basic 
operations is not yet know. 

If all of the sub directly irreducible algebra in a variety are finite, we say that the variety is 
residual finite. Starting with a finite algebra, there is no guarantee that the variety it generates 
is residually finite, nor that the algebra is finitely based. The relationship between these three 
finiteness conditions led to the posing of the following problem in 1976: 


Is every finite algebra of finite signature that generates a variety with a finite a finite 
residual bound finitely based? 


Bjarni Jonsson posed this problem at a meeting at a meeting at the Mathematical Research 
Institute in Oberwolfach while Robert Park offered it as a conjecture in his PH.D. dissertation 
[19]. At the time this problem was framed, essentially only five nonfinitely based finite algebras 
were known. Park established that none of these five algebras could be a counterexample. In 
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the ensuing years our supply of nonfinitely based finite algebras has become infinite and varied, 
yet no counterexample is known. Indeed, Ros Willard [26] has offered a 50 euro reward for 
the first published example of such an algebra. In chapter 2, we show that a wide class of 
algebras known to be nonfinitely based will not supply such an example. It is still an open 
problem whether some of the nonfinitely based finite algebras known today generate varieties 
with finite residual bound. while the condition of generating a variety with a finite residual 
bound could well be sufficient to ensure that a finite algebra is finitely based, it is in its own 
right a very subtle property of finite algebras. Indeed, Ralph McKenzie has shown that there 
is no algorithm for recognizing when a finite algebra has this property [13]. The last question 
motivating our research was originally formulated in 1976 by Eilenberg and Schutzenberger [4]. 
In their investigation of pseudo varieties, they ask, If v is a variety generated by a finite algebra, 
W is a finitely based variety, and J and W share the same finite algebras, must V be finitely 
based? 

To answer this question in the negative, one would need to supply a finite, nonfinitely 
based algebra to generate ? and a finitely based variety W so that v and W have the same 
finite algebras. McNulty, Szekely, and Willard have proven that no counterexample can be found 
among a wide class of finite, non finitely based algebras [26]; furthermore they noted that this 
property also cannot be recognized by any algorithm.We show that the locally finite, inherently 
based variety of commutative directoids we construct will fail to yield a counterexample if it is 
shown to be generated by a finite algebra. 


§3. Directed Graphs and Directed Graph Algebras 


Definition 3.1 A graph G is a triple consisting of a verter set V(G), an edge set E(G), and 


a relation that associates with each two vertexes called its conclusive points. 


Definition 3.2 A path in the directed graph (v, E) is an ordered (n + 1)—tuple (a1,--+ ,&n+41) 
such that (a;,0:41) € E for alli = 1,---,n. The path (a1,...,U%n41) has length n. A cycle is 
a path from some vertex to itself. Given a graph G and x € Vo, [x)a, (or just [x), when G 
is clear), is the set of y © Va such that there is a path from x to y in G. A directed graph is 
acyclic if it contains no cycles. A directed graph (V,E) is loop-free if there is no cycle of length 
1, that is if there is no x € V such that (x,x) € E. A directed graph (V, E) is looped if there is 
a loop at every vertex, that is if (a,x) € E for every x € V. 


Definition 3.3 A directed graph or digraph G =< V,E > is a triple consisting of a nonempty 
set V(G) of elements called vertexes, together with a set E(G) of ordered pairs fromV xV — V, 
called edges, and a map that assigning to each edge an ordered pair of vertexes. 


Thus our directed graphs do not allow multiple edges, but they do allow edges of the form 
(x, x) (that is, we allow vertexes to be looped). Given a directed graph G, we can refer to the 
vertex set and edge set of G as Vg and Eg, respectively. Let us say that Gisa subgraph of 
G if Ve C Ve and Eg = Ea(\(Ve x Ve). When we draw a directed graph, we generally draw 
the edge (a, y) as an arrow from vertex x to y. When drawing an undirected graph, we simply 
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draw the edge (x,y) as a line from x to y; since we know that (y,xz) must also be in the graph 
edge set, there is no question of which way the edge goes. Let us call any variety generated by 
directed graph algebras a directed graph variety. As noted in [25], any directed graph variety v 
contains A(G) for all G that are direct products, subgraphs, disjoint unions, directed unions and 
homomorphic images of directed graphs underlying algebra in v. More generally, any variety 
is closed under homomorphisms, sub algebras and direct products. We shall need this more 
general fact to obtain the results in section. The following definition is from [25]. 


Definition 3.4((25]) Let G = (V,E) be a directed graph. The directed graph algebra A(G) is 
the algebra with underlying set {v\J co}, where oo ¢ V, and two basic operations: one nullary 
operation, also denoted by co, which has value oo, and one binary operation, sometimes called 


multiplication, denoted by juttaposition, which is given by 


uif(u,v) € E 
(u,v) = 
co otherwise 


Let G=< V,E > be a complete undirected graph. We define a tournament T as an algebra 
with universe V U {oo} ( where co ¢ V ) and binary relation — so that for distinct x,y © V 
exactly one of x — y and y — « is true. We make each edge directed using the relation —, 
that is, we make the edge between x and y directed toward y if and only if x — y. We can then 


make —» into a binary operation as follows: 


xu ifu—y 
vy =y.c= 
co otherwise 


The relation x — y is generally read as ” x defeats y” or” y loses to x” in the tournament T. 
Notice that in tournament we require a directed edge between any two distinct vertexes. When 
we draw a tournament, we will represent the ordered edge between any two distinct vertexes. 
When we draw a tournament, we will represent the ordered pair (x,y) €—» as vertexes joined 


by a double-headed arrow pointing away from x.y. 


A semi-tournament T is simply a tournament in which we relax the restriction that the 
underlying graph G be complete. In this case, if x and y are distinct vertexes in v and neither 
x —» y nor y — 2, we define x.y = y.x = oo. In this way the element oo acts as a default 


element. The table of Park’s semi-tournament P with three element is shown in Figure 2. 


Let v be the variety generated by p. We obtain graph algebras in exactly the same way, 
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except that in a graph algebra the underlying G is an undirected graph . one difference between 
our terminology and the terminology of the authors of [25] is that they refer to algebras A(G) 
defined as graph algebras, while we refer to such algebras as directed graph algebra. Our 
purpose in doing so is to avoid confusion with the (undirected) graph algebra of [25]. Let T(X) 
be the set of all terms over a set X of variables in the type of directed graph algebras. We shall 
make frequent use of the following definition and lemma from Kiss-poschel-prohle [25]. 


Definition 3.5((25]) Fort € T(X), the term graph G(t) = (V(t), E(t)) is the directed graph 
defined as follows. v(t) is the set of variables that appear in t. E(t) is defined inductively as 
follows: 


E(t) = ¢ if t is a variable, and E(ts) = E(t) U E(S)U (L(t), L(s)), where L(t) is the 
leftmost variable that appears in t. The rooted graph derived from t is (G(t), L(t)). 


As an example, consider the term t = (x(y((zx)y)))z, the term graph G(t) is pictured in 
figure(1). Different terms can have the same term graph, another term that has the term graph 
pictured in Figure 1 is (z((ax)y))(yz). 


Figure 1 The term graph of (a(y((zx)y)))x 


Following [25], we call a term trivial if co occurs in it. 


Lemma 3.1([25]) Let G = (V, E) be a graph , t,s € T(X), andh: X — A(G) an evaluation of 
the variable. Let the same h denote the unique extension of this evaluation to the algebra T(x) 


of all terms. 


1. Ift € T(X) is nontrivial, then (G(t), L(t)) is a finite rooted graph. Conversely, for 
every finite rooted graph (G,v) there exists t € T(Vg) with G(t) =G and L(t) = v. 

2. If t is a trivial term, or if h takes the value co on some element of V(t), then h(t) = co. 
Otherwise,if h : G(t) > G is a homomorphism of directed graphs, then h(t) = h(L(t)), and if h 
is not a homomorphism of directed graphs, then h(t) = oo. 

3. The identity s = t is true in every graph algebra if and only if either both s and t are 
trivial terms, or neither of them is trivial, G(s) = G(t), and L(s) = L(t). 


Of course, when specifying an evaluation h of a particular term t, it is enough to define h 
on V(t) rather than on all of X, and this is what we typically do. For efficiency, we typically 
say graph homomorphism when what we really mean is directed graph homomorphism. 

A law s = t is regular if V(s) = V(t). 
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Lemma 3.2 If D is a directed graph algebra that contains a loop, then all nontrivial laws of D 
are regular. 


Proof Suppose s * t is a nontrivial law of D that is not regular, without loss of generality, 
we may take x € V(s) \ V(t). Let h be the graph homomorphism that maps x to oo and maps 
everything in (V(S) J V(t))\ to some looped element a. Then h(t) is a, but h(s) is oo, whence 


s = t is not a law of D, contrary to our assumption. 


ORS eS eee © 


Figure 2 Graphs of the four minimal INFB graph algebras 


In [1] it is shown that: 


Definition 3.6 A locally finite variety v is finitely based, or F'B, if there is a finite basis for 
the equations of v. v is inherently nonfinitely based, or INF'B, if v is not contained in any 
other FB locally finite variety. We say that the algebra A is FB if v(A) is FB, which is the 
case exactly when there is a finite basis for Eq(A). We say that A is INFB if v is INFB. Note 
that if A is INFB then A is not FB; otherwise v(A) would be contained in an FB locally finite 
variety, namely v(A) itself. 


Theorem 3.1 A graph algebra A is FB if and only if its underlying graph G4 has no subgraph 


isomorphic to one of the graphs in Figure 2 


This theorem gives a complete classification of the FB graph algebras. since every graph 
algebra is also a directed graph algebra, the above theorem will be of some use to us as we work 
to classify the FB directed algebras. 


Our work falls under the heading of universal algebra, so we use the language and notation 
of that subject. Our algebras can be viewed as models in the sense of Model Theory, so we 


sometimes borrow from the notation of that subject as well. For example, we use A - o to 
mean that the sentence a is true in the algebra A, and we use IF o to mean that there is a 


derivation of o from the sentences in I. 


We shall distinguish carefully between the symbols = and =. We shall use = only for exact 
equality; if we say , for example, s = t, then we mean that s and ¢ are identical. We shall use 
=~ when writing down laws. Thus we shall say things like AF s +t andl s - t. (of course, 
it is true but uninteresting that AE s = s and} s =s for every A, s, andT.) 


When writing down a law 4, we shall use A” to refer to the term on the left-hand side of 
d and A” to refer to the term on the right-hand side. 
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Given a term t, I(t) is the length of t, defined by the following recursion: 


1 if tis a single variable 


I(t) = 
Ur) +l(s) ift=rs. 


Thus I(t) is the number of places at which variables occur in t. 


When dealing with terms, it is expeditious to avoid writing down as many parentheses as 
possible. Toward this end, we adopt the convention that sub terms will be grouped from the 
left. Thus, for example, when we say 


LY1Y2---Yn 


we mean that 


(--- ((wy1)y2)--*)Yn- 


When giving a derivation, we justify the steps as follows. When a step is justified by a 
numbered entity, such as an equation or proposition, the number appears underneath the ~ or 
= on that step’s line in the proof. When the justification is something that does not have a 
number, the justification appears in square brackets at the right end of the line. 


In general, we use u,v,w,2,y, and z for variables, s,t, and lowercase Greek letters for 
terms and sub terms, lower case Greek letters for laws, and uppercase Greek letters for sets of 
laws. 


§4. km-Graphs 


In this section we will define graph plane and then we will construct km-graphs. Next by 
using the language and notation of universal algebra, we will define a new algebra derived from 
directed graph algebras. 


Definition 4.1 Some of the structures with regular configurations can be expressed as the 
Cartesian product of two or more graphs. After the formation of the nodes of such a graph 
according to the nodes of the generators, a member should be added between two typical nodes 


(ui, v;) and (ux, ur), as show in Figure 3, if the following conditions are satisfied 


[(u; = Ue, vr adj vj) or (vu; = W, Ui adj ux)]. 


Some other structures with regular configurations can be expressed as the strong Cartesian 
product of two or more graphs. After the formation of the nodes of such a graph a member 
should be added between two typical nodes (ux,u) and (ui,v;) if the following conditions are 
satisfied: 


[(u; = UR and y adj v;) or (vj =U, Ui adj ux)| or uz adj uz and y adj v;. 
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Figure 3 Cartesian product and strongly Cartesian product of py 


Let p, be a simple graph. By Cartesian product of pp * pn, we have a plane that from 
now we will call this plane the graphic plane. The graphic plane from right and up is infinite 
and from down and left is bounded. This plane can be considered isomorphic with the plane 
produced by Z*+ *Z*, but in our plane the symmetric axis are defined in an other ways. Samples 
of graphic plane from natural are the chess plane, the factories producer line, train road of a 
country, air lines, electric cables in a city or home. The importance of our idea is to find simpler 
maps for relations between natural phenomena such that natural factors less often injured in 
connection together. First of all we will consider some axioms in our graphic plane: 


Definition 4.2 we will call the segment crossing from every node (u;,v;) for every i € N the 


symmetric axis of the graphic plane. 


Figure 4 Symmetric axis of Cartesian product and strongly Cartesian product of pp x Dn 


The symmetric axis splits the graphic plane into two half graphic plane that we will show 
the upper half graphic plane by positive and the lower half graphic plane by negative notations. 


By the above definitions we will consider the nodes from the positive half graph plane with 
positive notations and the nodes from the negative half graph plane with negative notations. 
In this manner the all nodes on symmetric axis are without notations. 


Definition 4.3 A km-graph Gr consists of a verter set {V(Gr) J oo} and an edge set E(Gp), 


12 Kh.Shahbazpour and Mahdihe Nouri 


where for every x,y EV. 
y ifa-my 


coo =6otherwise 


Gr(2) = 
that satisfies the following conditions: 


i) There exist only one and unique conclusive point, that we will denote it by M; 


it) From every inception point in every path there is at least one tournament to M. There- 


fore a km-graph may have many inception point; 


iti) Each vertex is loop less; 


iv) There is no path of a vertex to itself. That is, there is no sequence of vertexes such 
that 


U1 v2 U3 ee ties Un U1. 


Some of km-graphs are shown below: 


The limacon-graph function 


(a) Graph function in the graph plane 


Figure 5 Samples of km-graphs 
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The star limacon-graph function 


UY A 


The star like-graph function 


vy f 


(b) Graph functions in the strong graph plane 


Figure 6 Samples of km-graphs 


XP 


Symetry of a graph function 


Figure 7 Sample of Symmetry for km-graphs 


It is obvious that we can define the positive scalar multiplication on km-graphs. If let k € Z 
be a integer number and Gr(z) be a arbitrary km-graphs., then kGr(x) is a km-graph that 


every vertex of kGr(x) is k times as much of G(x). Also one can consider inversee km-graph 
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of km-graph G(x), denoted by (Gr(x))~!, as a km-graph such that the direction of any vertex 
will be denoted by inversee direction. Therefore it is not true that the inversee of a km-graph is 
usually a km-graph. The only case that we have inversee km-graph is the km-graphs with only 
one inception point. On the other hand the symmetry of a km-graph G(x) is the km-graph 
G',(x) such that every vertex vu; € G(x) is symmetric by a vertex v} € G(x), with respect to 
symmetric axis of graph plane. 


x 


RRR 


Scalar multiplication of a graph function 
Figure 8 Sample for Scalar Multiplication of km-graphs for k = 2 


Also we can define inverse km-graph as follows: 


Definition 4.4 The inversee of a km-graph Gr, that denoted by Gay obtained by change of 


path direction. 


Note that only km-graphs with one inception point and one conclusive point have inversee. 


That is, in general km-graphs don’t have corresponding inversee km-graph. 


Definition 4.5 Two km-graphs Gr, and Gr, are equal if and only if they have the same vertex 
set and the same input set for a vertex. Although this a perfectly reasonable definition, for most 
purposes the module of relationship is not essentially changed if Gp, is obtained from Gr, just 


by renaming the vertex set. 
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Figure 9 Samples for Scalar Multiplication km-graphs for K=2 


For arbitrary two km-graphs Gp, and Gp,, we can define union and intersection of km- 


graphs. 


Definition 4.6 The union of two km-graph Gr, and Gp, is just obtained by superposition of 
conclusive points of Grp, and Gp,. There fore if Gr, have Vr, as vertex set and Ep, as edge 
set and Gp, have Gp, have Vr, as vertex set and Ep, as edge set, then Gp, UGp, is defined by 
Vr, UVp, as verter set and Ep, UEp, as edge set. 


It is obvious that union of two km-graph is not a km-graph in general. However we will 
define sum of two km-graph by similar definition without closed path in result. Before do it, in 


the following we have definition of intersection. 


Definition 4.7 Intersection of two km-graph Gp, and Gp, is just obtained by superposition of 
conclusive points of Gp, and Gp,, such that Gp, Gp, is defined by Vp, Vr, as vertex set and 
Ep, Ep, as edge set. The intersection of two km-graph may have two path that have similar 
vertexes but the edges are not in same direction. In this type the two edges will be deleted and 


we have the discrete km-graph. 


There fore we see that the intersection of two km-graph is not necessary to be a km-graph. 


Definition 4.8 A km-graph with at least one singular (isolated) vertex is called discrete km- 


graph. We will used the name D — GF; for discrete km-graphs. 
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Figure 10 Sample of M4,M3,M7-km-graph 


Thus every single loop is a looped km-graph. 


x 
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Figure 11 


By the mentioned definition we can consider a new class of km-graphs that we will call 
them M,,-graph maps. Here the n is the union of singular vertexes with conclusive point. We 
can think on km-graphs by a loop in the conclusive point. The idea of such km-graphs come 
back to a square in city, when we consider the traffic problem, or the river in a sea/ocean, 
when we consider all rivers that have a sea/ocean as conclusive point. There fore we have the 
following definition: 


Definition 4.9 We will call a km-graph looped graph map if the conclusive point have a loop. 
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Definition 4.10 The sum of two km-graph Gp, and Gp, is a km-graph Gr that just obtained 
by superposition of conclusive points of Gp, and Gp, such that there is no sequence of vertexes 
such that 


V1 v2 U3 aes Un U1, 


or there is no close path such that 


U1 v2 U3 oe Un = UI vq U3! iad Un; 


Otherwise, by deleting one edge that have smallest number of input vertex we can obtain a 
km-graph. 


One can see that for every two km-graph Gp, and Gp,, the difference between sum of Gp, 
with Gp, and Gp, with Gp, is only in the place of M. Such that in sum processing, we do it 


by superposition of conclusive point of second km-graph on conclusive point of first km-graph. 


xe 2s, * 


(b) 
Figure 12 
In the following one can find sum of two km-graph with restriction law: 
Also if in sum of two km-graph we have two direction that are inverse, then we can use 


from this fact that, by definition, we have not closed path, the result form (a) can be considered 
as picture (b). That is we delete such paths. This law was called restricted law. 


On the other hand we will see that the set of km-graphs with binary operation H is semi 
group. Now if we consider the km-graph M, that is the km-graph with only one node and whit 
out vertex, the identity element of the set of all km-graphs, then we have a monoid that defined 


on set of all km-graphs with the binary operation H because we can see that 


(Grl1BGr2) Gr3 = Grl B(Gr2HGr3) 


GrHM=MBbGr=Gr 
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aa | 
(a) 
(b) 
Figure 13 
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Figure 14 Samples for sum of two km-graphs 


Also one can defined sum of looped km-graphs analogically. 


Definition 4.11 The sum of two looped km-graph Gr, and Gr, is a looped km-graph Gp that 
just obtained by superposition of conclusive points of Gr, and Gp, such that there is no sequence 


of vertexes such that 


U1 V2 U3 ao Un U1; 
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or there is no close path such that 


UL V2 U3, ats Un = V1 v2! U3! nate Un; 


Otherwise, by deleting one edge that have smallest number of input vertex we can obtain a 


km-graph. 


In the following we consider some samples of sum of two looped km-graphs.It is obvious 
that we can do this definition for km-graph from one hand and looped km-graph from other 
hand. 


RRR 


Figure 16 Samples for sum of two km-graphs 
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Sum of two looped graph function 


Figure 17 Samples for sum of two graph function 
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Figure 18 Samples for sum of two graph function 


We can define —Gr as a km-graph that is in negative part of graph plane. There fore 
we have Gr, Gr, = Gr, H (—Gpr,). On the other hand for —Gp, — GF) we can consider 
(Gp, H(—Gp,)) that is equal with —(GF, H Gp, ). In the following we have some samples for 


combining of such km-graphs: 


ON 
(b’}+fa’) (b’}a’) 


Sum of two negative graph function 


Figure 19 Samples for sum of two km-graphs 


Therefore if we observe positive scalar multiplication and the negative part of an km-graph, 
then we can define negative scalar multiplication of a km-graph analogously. In this manner 
we can first multiple any scalar k in km-graph G'p and then found the negative position of this 
map. On the other hand we can first found for every km-graph G'p the negative position of Gr 
and then multiple (—G'r) in k, for every arbitrary scalar k € Z. 
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4.1 Algebraic Properties of km-Graphs 


First of all we will consider associativity and commutativity properties for sum of km-graphs. 
Sum of two km-graphs are defined in previous section. The drawing km-graph for sum of Gp, 
with Gp, and Gp, with Gp, are similar, but are in different place of graph plane. There fore 
one can conclude that the sum of two km-graph is approx-commutative. Also one can see that 
the approx-associativity property hold for sum of three km-graphs. 

On the other hand sum of every km-graph Gp, with km-graph G'p,,, is Gr, (where Gr,, is 
the km-graph with only one vertex and no edges). Thus, one can conclude that the class of all 
km-graphs considerable as a approx-commutative monoid (the approx-commutative semi-group 
with identity element). 

On the other hand if we consider the km-graph as objects and the binary operation between 
them be the sum of two km-graphs, then can we have a category? 

In this direction one can discussed that which properties of categories are satisfies in men- 
tioned category and vise verse. It is obvious that by definition of km-graph and drawing them 
we have the following lemmas: 


Lemma 4.1 There are only one isomorphic km-graph with two nods in the pp * Py plane. 


——t--4 


The classes of 3-vertex graph function 


The classes of 2-vertex graph function 
Figure 19 


Lemma 4.2 There are only two isomorphic class of km-graphs with three nods in the py * Dn 


plane. 


Lemma 4.3 There are only four class of km-graphs with four nods in the py * pn plane. 
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4.2 km-Algebras 


Definition 4.12 We call an algebra defined on km-graphs a KM — Algebra, if the following 
laws holds: 


rysy 
yt & oO 
MM2Zow 


yM & co 


Maro 
oM ow 


yoo & 00 


( 
( 
( 
( 
My ® oo (5 
( 
( 
( 
( 


coy & oo 
y(yM) + yM (10 
M(yM) = MM & 00 (11 
(xy)z & (xy) (yz) © yz (12 


© XQL3Z °° LY & YiY2Y3°°° YmY (13 


Equational theory on km-algebras can be discussed for identities and hyperidentities in 
nontrivial terms. 

In [1], Baker, McNulty, and Werner give a method, the Shift-Automorphism Theorem, for 
showing that certain algebras are INFB. This method is particularly useful in the case of graph 
algebras; it is an essential ingredient in the classification in [1] of the FB graph algebras. The 
shift-automorphism theorem 4.5 can be used to show that many directed graph algebras are 
INFB as well, and we shall use it to obtain several such results in this chapter. 


The form of the shift-automorphism theorem that we shall use is Theorem in [1], and it 
appears below as our . In an algebra that has an absorbing element oo, as do all directed 
graph algebras, the proper elements are the elements other than oo. Given a Z—sequence a, 
the translates of a are the sequences a‘ for i € Z, where a’ is a shifted i places to the right. 
(Thus if ¢ < 0, then we shift to the left, and if i = 0 then we do not shift at all.) 


Theorem 4.1(Shift-Automorphism Theorem) Let B be a finite algebra of finite type, with an 
absorbing element oo. Suppose that a sequence a of proper elements of B can be found with 
these properties: 


(1) in B*, any fundamental operation f applied to translates of a yields as a value either 


a translate of a or a sequence containing co; 
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(2) there are only finitely many equations f(a%,--- ,a’\)) =a) in which f is a funda- 
mental operation and some argument is a a itself; 
(3) there is at least one equation f(a®,--- ,a’™\)) = a in which some argument is a 


itself, in an entry on which f actually depends, 


then B is INFB. 


Proof See [23]. 


The general idea of this version of the Shift-Automorphism Theorem, as applied specifically 
to a directed graph algebra B, is that we want to use a to create an infinite directed graph 
with certain properties. The elements of this directed graph are the translates of a, and the 
edges are the natural ones inherited from Gg. We pool all sequences that contain co into an 
equivalence class, which acts as the oo element for resulting infinite directed graph algebra. 
Condition (a) of the theorem ensures that this view makes sense. Condition (b) requires there 
to be only finitely many edges into and out of a ( and therefore into and out of any a); 
another way to say this is that there must be an N such that ifn > N, then aa and aa 
must both contain an occurrence of oo. (Here a a) is understood to be the result of applying 
our binary operation coordinate wise to a and a).) Condition (c) tells us that there has to 
be edge from a) to a. 

Because the multiplication in our km-algebras has the property that uv is either v or oo, 
if B is a KM-Algebra and a is any sequence of proper elements of B, then it is clear that 
condition (a) of the theorem is satisfied; in each coordinate of a, the product will either be the 
right-hand operand or oo. Hence we do not need to mention condition (a) again when dealing 
with km-algebra. Note also that if a is an infinite path through G'g, as it will be in all of the 
cases we consider, then condition (c) must hold. 

The original version of the shift automorphism theorem, as formulated in 1989 by Baker, 
McNulty, and Werner [1], stated that any shift automorphism algebra is inherently nonfinitely 
based. In 2008, McNulty, Szekly, and Willard were able to show every shift automorphism 
algebra must be inherently nonfinitely based in the finite sense [16]. It is the contribution of 
this author that every shift automorphism variety has countably infinite sub directly irreducible 
members. 

For some interesting examples of finite algebra proven to be inherently nonfinitely based 
with help of the Shift Automorphism Theorem, see [1, 6, 10, 23]. As an example of the shift 
automorphism theorem, let us consider the looped star-like km-algebra; it is based on the 
km-graph pictured in figure(10). We let @ = ---aaaaabcccc::-. Now, qa is an infinite path 
through looped star-like km-algebra, so we simply need to show that condition (b) of the Shift- 
Automorphism Theorem holds for this algebra and a. 

To begin, let us observe that if i ¢ {j,7 +1}, then aa) will be a sequence that contains 
co, since there will be at least one coordinate at which the entry is ac, ba, cb, or ca, and all of 
these are oo. If i € {j,j7 +1}, then aa), then aa = a. Thus a meets condition (b) of 
the theorem; the only equations that hold here of the kind mentioned in (b) are a a = a, 
aM aD = q and aAVa™ =a. 


Thus we have proven the following: 
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Lemma 4.4 Forn > 3 every n-Starlike km-algebra is INFB. 


Also for the looped n-starlike km-algebra the above lemma is true. The infinite looped 
star-like km-algebra that a yields is pictured in Figure 10. 

Note that the same a would have worked even if the km-algebra in question had either 
(or both) of the edges (b,a) and (c,b). Thus the km-algebras in Figure 10 give rise to INFB 
km-algebras as well. 

Also the nullary looped km-algebra (with one vertex and one edges) is just a single looped 
element, so is FB. Thus we have now completely classified the looped star-like km-algebras. 

To use the Shift-Automorphism Method, consider B, a finite algebra of finite signa- 
ture. We will consider the Z—tuple (--+ ,b—-2,b-1,bo, 61, b2,---) in B% as a sequence a = 
-++b_9b_1b9bib2--- where each b; is a proper element of B for every 7 € Z. We define a; as 
the i‘” translate of a, that is, as a shifted ipositions to the right (if i > 0), to the left (if i < 0), 
or not at all (if i = 0). Note that the shift by 1 position is an automorphism of BZ. If o gives 


only one infinite orbit, then we can summarize Theorem 4.1 as the following, also found on [1]. 


Theorem 4.2 Let B be a finite algebra of finite signature with absorbing element 0. Suppose 


that a sequence a of proper elements of B can be found with these properties: 


(1) in B”, any fundamental operation F applied translates of a yields as a value either a 
translate of a or a sequence containing 0; 

(2) there are only finitely many equations (ai,,°-- ,Qi,_,) = a; in which F is a funda- 
mental operation of rank r and some argument is a itself; 

(3) there is at least one equation F(a;,,°+- ,Qi,_,) = Q1 in which some argument is a 


itself, in an entry on which F actually depends. 


We apply Theorems 4.1 and 4.2 to various algebras to show that they are inherently 
nonfinitely based. 


4.3 Walter’s Looped Directed Graphs 


Walter gives the following adapted version of Theorem 4.2. 


Theorem 4.3([23]) Let G be a directed graph, and let a be a Z—sequence that is a path of G. 
If there is an N such thatn > N implies that an.a and a.ay, both contain an occurrence of oo, 


then the graph algebra of G in inherently nonfinitely based. 


Now for our km-algebras we have another version of Theorem 4.2. 


Theorem 4.4 Let G be a KM- algebra, and a be a Z—sequence that is a path of G. If there is 
an N such thatn > N implies that an.a and a.ay, both contain an occurrence of co, then the 


km-algebra G is inherently nonfinitely based. 


Proof We will show the connection between Theorems 4.1 and 4.3. Let js be a km-algebra 
and let a be a Z-sequence that is a path through B. We will check the conditions of Theorem 
4.1. 
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The first condition of Theorem 4.1 requires that any fundamental operation applied to any 
translate of a results in another translate of a, or a sequence containing oo. As our operation 


is inherited from a graph algebra, the operation. works as follows: 


v if(u,v)e EF 


coo =6otherwise 


Thus for the coordinate wise product of two Z—sequence a;,az we get 


Qk 
Qj, Uk 
y  whereyisasequencecontainingoo 
since the result of applying. Coordinate wise gives either right input or oo. 

The second condition of Theorem 4.1 requires that there be only finitely many proper 
equations using the fundamental operation and the translates of a. In terms of our new infinite 
km-algebra, this conditions there to only finitely many edge into and out of each a;. This is 
equivalent to having the existence of a number N so that for all n > N we have ay.a and a.an, 
each contain an occurrence of co. 

Since a; is a path through the km-algebra, a ,.a9 = ao. To see this, consider a string 
+++ U_30_9_1%921X2%3--+ in a, where each 2; is a vertex in the km-graph related to km- 
algebra. Then a; has the same string, just shifted one place rightward. Since a, gives a path, 
we know that must be an edge between x; and 2,4; for i = —1,...4. Thus the product 2;.2;41 
results 2:41. Hence we get the following 


Oy i++ U1 %QX1X%QX3 °°: 
QQ 27° ' LoL XQX3Z3U%4 °° 
QQ 2 °°' LoL XQX3%4 °° 


This gives the last condition of Theorem 4.1. 


§5. Basic Laws for Directed M/,,-km-Graphs 


Definition 5.1 


MM, ~ 00 (14) 
Mix & 00 (15) 
aM, s M, (16) 
LOO FR OO (17) 


oon 00 (18) 
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La 00 (19) 

ayyy (20) 

(cM1)M, & M\M, & co (21) 

11 02Q°*+XnMy,& yiy2-++-YmMi (22) 


For discrete points, M;M; ~ oo. 


Lemma 5.1 The identity (xM,)M, ~ Mi(aM;) holds. 


Proof («M,)M, & by (16), (cM1)(aM)) by (16) and then = Mi (aM). 


§6. Basic Laws for Directed Looped M,,-km-Graphs 


Definition 6.1 


MM, = My, (23) 

Mya & co (24) 

aM, ~ M, (25) 

LOO & 00 (26) 

oor % 00 (27) 

LER 00 (29) 

ayy (30) 

(zy)y © yy © 00 (31) 
210Q°+*+ nM & yyyo-++YmM (32) 


For discrete points, M;M; ~ oo. 


Lemma 6.1 The identity (xy)y © y(ay) holds. 


Proof (xy)y © by (29), yy © by (29) and then & y(ay). 


§7. Basic Laws for Looped km-Algebra 
Definition 7.1 


MM ~M (33) 


yM ~ M (34) 
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My % oo (35 

Moo & co (36 

ooM & 00 (37 

y(yM) s yM = M (38 
(cy)M x yM x= M (39 
(yM)M = MM & co (40 
M(yM) x MM x co (41 
L102Q°++ nM & yyyo--+YmM (42 


Lemma 7.1 The identity (yM)M ~ M(yM) holds. 


Proof (yM)M ~ by (34), MM & by (34) and then = M(yM). 


It turns out that the theory of avoidable words will be quite useful. We will begin with a 
bunch of definitions. 


Definition 7.1 An alphabet & is a set of letters and a letter is a member of some alphabet. A 
word is a finite string of letters from some alphabet. The empty word is the word of length 0. 
To denote the set of all nonempty words over an alphabet Xi, we use X*. Another formulation 
of * is that it is the semi group freely generated by X together with the binary operation of 


concatenation. 


Definition 7.2 A word w is an instance of a word u provided that w can be obtained from u 
by substituting nonempty words for the letters of u. 

For instance, the word baabaabaabaa is an instance of the word xxxx obtained by substi- 
tuting the word baa for the letter x. We say that a word u is a sub word of the word w if there 


are (potentially) words x and y so that w = xuy. 


Definition 7.3 The word w encounters the word u means that some instance of u is a sub 


word of w. If no instance of u is a sub word of w, then we say w avoids u. 


To generalize this notion, we say that the word u is avoidable the alphabet % provided that 
infinitely many words in + avoid u. Note that since two alphabets of the same size avoid 
the same words, only the cardinality of © is important. If the cardinality of © is n and uw is 
avoidable on 1, then we say that u is n-avoidable. Lastly, the word wu is avoidable if and only 
if there is some natural number n for which wu is n-avoidable. If no such n exists, we call u 
unavoidable. 


Definition 7.4 The Zimin words Z,, (where n is a natural number) are defined recursively by: 


(i) Zo = Xo; 
(it) Given Z,, define Zn41 = Zratn4iZn for each natural number n. 
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Thus the first three Zimin words are 2, %pX1 Xo, and px XXXL Zo. If S' is a semi group 
and w is a word in which the letters of w are regarded as variables, we say w is an isoterm of 
S when u and w are identical whenever S — w * wu. See [26] for a development of the theory of 


avoidable words. 


Definition 7.5 An algebra B =< B,. > is a semigroup provided the associative law holds, 
i.e. for all a,b, c € B, (a.b).c=a.(b.c). 


Parkins in [19] constructs the following semigroup, denoted by Bg : 


We denoted these matrices by O, I, A, B, C, and D, respectively. The semi group struc- 
ture of this algebra is given by Table 3. 

Perkins’s semi group is inherently nonfinitely based, as shown by Sapir in [7, 8]. To show 
this, we need a theorem of Sapir from [7, 8]. 


Theorem 7.1 Let S be a finite semi group. If every unavoidable word is an isoterm of S, then 


S is inherently nonfinitely based. 


O I A B C D 
O|}O O O O O O 
I|O I A B C D 
A|O A A BO O 
B\|O BO O A B 
C)}O C C D O O 
D\|}O DO O CG D 

TABLE (*) of the Semi group table of B34 


We note that Sapir also showed the more difficult converse, that if S is inherently nonfinitely 


based then every unavoidable word is an isoterm of S. For its proof, see [9]. 


Corollary 7.1 The semigroup B3 is inherently nonfinitely based. 


Proof See [9]. 


Theorem 7.2 The set of six km-algebra( shown below) with binary Operation, is isomorphic 
by Perkin’s semi group. Therefore we have inherently nonfinitely based algebra for mentioned 


siz km-algebra. 
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Proof The result obtained from Theorem 4.1 immediately. Correspondence of these six 
km-algebra and Parkin’s semi group shown in the following figure. 


By similar method we will see that many of known JN F'B algebras are isomorphic with 
some subsets of M and parkin’s semigroup shown in the following. Therefore, 


Theorem 7.3 The variety of all km-algebras is inherently nonfinitely based. 
UL v2 
U1 v2 U1 


U1 v2 U1 


Figure 20 


O U1 V2 


v, | 0 0 Table a 


V1 1 0 Table c 


v, | 0 1 Table d 
v2 0 0 
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Table e 


Table f 


We will see that ( by definition of operation 4 ) sum of two M,, km-graph can be considered 


as one of the following pictures: 


: > M(4) EI M(1)=M(3) M(2) 
M(1) 2) M(3) 


~ xs. " 
M(1) M(2)=M(3) 


(4) M(4) 
oO . ©) 
M(1)=M(#) M(2) M(3) M(1) M(2)=M(#) M(3) 
OR OR OO 


Figure 21 Sum of two M,km-graphs 
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Abstract: A graph G(p,q) is said to be edge bimagic total labeling with two common edge 
counts k; and kz if there exists a bijection f : VUE — {1,2,--- ,p+q} such that for each 
edge uv € E, f(u) + f(v) + f(e) = ki or ke. A total edge bimagic graph is called superior 
edge bimagic if f(£(G)) = {1, 2,--- ,q}. In this paper we have proved superior edge bimagic 


labeling for certain class of graphs arising from graph operations. 


Key Words: Graph, magic labeling, bijective function, edge bimagic, superior edge 


bimagic labeling. 


AMS(2010): 05C78. 


§1. Introduction 


A labelling of a graph G is an assignment f of labels to either the vertices or the edges or both 
subject to certain conditions. Labeled graphs are becoming an increasingly useful family of 
mathematical Models from broad range of applications.Graph labelling was first introduced in 
the late 1960’s. A useful survey on graph labelling by J.A. Gallian (2013) can be found in [1]. 
All the graphs considered here are finite, simple and undirected. We follow the notation and 
terminology of [2]. In most applications labels are positive (or nonnegative) integers, though in 
general real numbers could be used. 

A (p,q)-graph G = (V,E) with p vertices and q edges is called total edge magic if there 
is a bijection f : VUE — {1,2,---,p+q} such that there exists a constant k for any edge 
uv in FE, f(u) + f(uv) + f(v) =k. The original concept of total edge-magic graph is due to 
Kotzig and Rosa [3]. They called it magic graph. A total edge-magic graph is called a superior 
edge-magic if f(£(G)) = {1,2,--- ,q}. 

It becomes interesting when we arrive with magic type labeling summing to exactly two 
distinct constants say k1 or kg. Edge bimagic total labeling was introduced by J. Baskar Babujee 
[6]and studied in [7] as (1, 1) edge bimagic labeling. A graph G(p, q) with p vertices and q edges 
is called total edge bimagic if there exists a bijection f : VUE — {1,2,---,p+q} such that 
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for any edge uv € E, we have two constants ky and kz with f(u) + f(v) + f(uv) = ky or ko. A 
total edge-bimagic graph is called superior edge bimagic if f(E(G)) = {1,2,--- ,q}. Superior 
edge bimagic labelling was introduced and studied in [8]. 


Definition 1.1 A pyramid graph PY (n) is obtained from Prism graph P, x C3 whose V(Py x 
C3) = {uy 2: 1 <i<n,l <j <3} by adding a new verter vo9 adjacent to the three vertices 


V11,U12, 013 Of Py x C3. This graph has 3n +1 vertices and 6n edges. 


Definition 1.2 mK,, - Snake is a connected graph with m blocks whose block-cut point graph 
is a path and each of the m blocks is isomorphic to Complete graph Ky. 


Definition 1.3 mW,, - Snake is a connected graph with m blocks whose block-cut point graph 
is a path and each of the m blocks is isomorphic to Wheel graph W,,. 


Definition 1.4 A graph G(p,q) is said to have an edge magic total labeling with common 
edge counts ko if there exists a bijection f : VUE — {1,2,---,p+q} such that for each 
e=(u,v) CE, f(u)+f(v)+ fle) =ko. A total edge magic graph is called superior edge-magic 
if F(E(G)) = {1,2,-+- sah. 


Definition 1.5 A graph G(p,q) is said to be edge bimagic total labeling with two common edge 
count ky and kg if there exists a bijection f : VUE — {1,2,---,p+q} such that for each 
e = (u,v) € E, f(u) + f(v) + f(e) = ki or kp. A total edge-bimagic graph is called superior 
edge-bimagic if f(E(G)) = {1,2,--- , qf. 


Definition 1.6 If Gi(pi,q) and G2(p2,q2) are two connected graphs, G OG, is obtained by 
superimposing any selected vertex of G2 on any selected vertex of G1. The resultant graph G 
belongs to the class G1OG2 consists of py + p2 — 1 vertices and qi + q2 edges. In general, we 


can construct p,p2 possible combination of graphs from G, and G2. 


§2. Superior Edge Bimagic Labeling for Special Class of Graphs 


Theorem 2.1 A pyramid graph PY (n) is superior edge bimagic for n > 3. 
Proof Let f: VUE = {1,2,3,--- ,9n+1} be a bijection defined by 
(2) f (voo) =6n+ 1, f (vo0v11) = 6n, f (voov12) = 6n — 1, f (vo0v13) = 6n — 2; and 


(it) f(v3i-2,1) = 91+6n—7, f(vsi-2,2) = 91+ 6n—6, f(v3~2,3) = 91+6n—5, f(v3;-11) = 
9j+6n—2, f(v3;-1,2) = 9j+6n—A4, f(v3;-1,3) = 97+6n—3, f(v3K1) = 9K+6n, f(vsk,2) = 9k+ 
6n+1, f(vsk,3) = 9k+6n—-1, f(v3:-2,1¥3i—-2,2) = 6n—- 181415, f(v3i—2,2V3i-2,3) = 6n—-180+18, 
f (v3:—2,33i-2,1) = 6n—-181+14, f(v3;~-1,1U37-1,2) = 6-187 +8, f(v3j~-1,203;-1,3) = 6n—-18j+ 
9, f (v37-1,3037-1,1) = 6n — 187 + 7, f(v3K,1U3k,2) = 6n — 18k +1, f(usk,2U3K,3) = 6n — 18k + 2, 
f (v3K,3U3k,1) = 6n — 18k + 3, where 


(a) i,j,k = 1,2,3,--- ,[n/3], when n = 0 (mod 3) and 
(b) i = 1,2,3,--- ,[n/3] +1; 9,k = 1,2,3,--- , [n/3], when n = 1 (mod 3), 
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(c) i,7 =1,2,3,--- ,[n/3] +1; & = 1,2,3,--- , [n/3], when n = 2 (mod 3), 


Figure 1 Superior bimagic of PY (6) with ky = 111, k2 = 110 
(iit) f (v3i—2,103¢-1,1) = 6n— 181+11, f(v3:-2,2031-1,2) = 6n — 181+ 12, f(v3-2,303i-1,3) = 
6n—182+10, f (v37—1,1U3;,1) = 6n—187+4, f (v37-1,23;,2) = 6n—187+5, f (v39-1,3039,3) = 6n— 
187 +6, f(v3K,1U3(k+1)-2,1) = 6n—18k, f (U3K,203(b-41)—2,2) = 6n—-18k—2, f(v3K,3V3(e+1)-2,3) = 
6n — 18k — 1, where 
(a) 7,7 =1,2,3,---,[n/3]; k = 1,2,3,--- , [n/3] — 1 when n = 0 (mod 3), 
(b) i, 7,4 = 1,2,3,--- ,[n/3], when n = 1 (mod 3), 
(c) i=1,2,3,--- ,[n/3] +1; 9, = 1,2,3,---[n/3], when n = 2 (mod 3). 
We prove this labelling is superior edge bimagic. Now 
f (vo0) a f(vi) aa f(vo0v11) =6n+1+6n+2+6n = 18n + 3, 


f(voo) + f(v12) + f(voov12) = 62 +14+6n+3+6n—1= 18n+4+3, 
f(voo) + f(v13) + f(voov1ig) = 6n +14+6n+ 44+ 6n— 2 = 18n4+3. 


Given n, considering appropriate values for 7,7 and k, we have 


f (vsi-2,1) + f (U3i—2,2) + f (vai—2,13i—2,2) = 9+6n—74+91+6n—6+6n—181+15 = 18n+4+2, 
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f (vsi-2,2) + f (U3s—2,3) + f (vai—2,2V3i-2,3) = 94 6n—6+91+6n—5+6n— 187 13 = 18n+2, 


( 

f (vsi_-2,3) +f (U3s—2,1) + f (v3i—2,33i-2,1) = 94 6n 5 97+6n 7+6n 182 14= 18n+2, 
( 
( 


Also for the remaining any edge wv, the sums f(u) + f(v) + f(uv) = 18n+ 2. Hence the 
graph PY (n) admits superior edge bimagic labelling. 


The superior edge bimagic labelling of PY (6) shown in the Figure 1. 


Theorem 2.2 A nk4-Snake graph admits superior edge bimagic labelling for n > 1. 


Proof The vertex set of n/(4-Snake graph is given by V = {a :1<i<n+1}U {y, uj: 
1<i<n} and edge set is given by F = {a;2 441, ViYi, Yii41, ViwWi, WiXi41 > 1 <i<n}. 


Consider the k*” block of n.K4-Snake graph label the vertices and edges as follows 


f(ar) = 3k + 6n — 2, f(eeqi) = 3k +6n+1, f(yx) = 3k 4 6n, f(we) = 3k + 6n—-1, 


f(@e@pqi1) = 6n— 6K +4, f(ceyr) = 6n — 6K +5, f(yeeesi1) = 6n — 6K +1, 
f(apwr) = 6n — 6K +6, f(wereq1) = 6n — 6k +2 and f(wey,~) = 6n — 64 +3. 


A superior edge bimagic labelling of 4/44-Snake graph shown in the Figure 2. 


Figure 2 Superior edge bimagic of 4K4-Snake graph with kj = 75 and ky = 74 


It is sufficient to prove that the k'” block of 4K4-Snake graph is superior edge bimagic 
wherel<k<n 


far) + f (erga) + f (epee) = 3k +6n—24 3k+6n+1+6n—-6k +4 = 18n 43, 
f(ar) + fe) + f(cryn) = 3k + 6n — 24+ 3k 4+ 6n+6n-— 6k +5 = 18n 4 8, 

Fue) + f(eeni) + f(Ueres1) = 3k + 6n + 3k + 6n+14+6n—-6k4+1=18n+2, 
f(ar) + f(we) + f(aepwe) = 3k + 6n — 24+ 3k 4+ 6n—1+4+6n— 6k 46 = 18n +3, 
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ff (we) + f(tesi) + f(weengi) = 3k +6n—-—14 3k4+6n+1+6n—-6k +2 = 18n+4 2, 


f(we) + flyn) + f(weye) = 38k + 6n —14 3k + 6n + 6n —- 6k +3 = 18n 4 2. 


Therefore for any edge uv, f(u) + f(v) + f(uv) yields either 18n +3 or 18n + 2. Hence the 
nK4-Snake graph admits superior edge bimagic labelling. 


Theorem 2.3 A nW4-Snake graph admits superior edge bimagic labelling. 


Proof The vertex set of nW4 is given by V = {a,:1<i<n+1}U{y, 2,w;:1<i< n} 
and edge set is given by FE = {ajyj, 424, CeWi, 22i41, Yiit1, WiFi 21 <i <n}. 
Consider the &*” block of nW,4 and label the vertices and edges as follows 


f(ar) =4k + 8n— 3, f(yx) = 4k + 8n—-1, f(apgi) = 4k 4+ 8n4+ 1, 
flee) = 4k + 8n — 2, f(we) = 4k + 8n, f(aeyr) = 8n — 8k +7, 


( 
( 
f(Yrtr+i) = 8n — 8k +2, f(cezn) = 8n — 8K 4+ 8, f(xpwe) = 8n— BE +5, 
f(Ze@p41) = 8n — 8K +4, f(weepgi1) = 8n — 8k +1, 

( 


f(Zeyn) = 8n — 8k +6, and f(y,we) = 8n — 8k +3. 


It is sufficient to prove that the k’” block of nW4 is superior edge bimagic where 1 <k <n 


f(ar) + f(ye) + flanyn) = 4k + 8n — 34 4k + 82-14 8n- 8k +7 = 24n4+ 8, 


Flue) + f (veri) + f(yetrei1) = 4k 4+ 8n -14+4k 4+ 8n4+14+8n- 8k 42 = 24n+ 2. 


Similarly for any remaining edge uv, f(u) + f(v) + f(uv) equals 24n + 3 or 24n + 2. Hence 


the graph nW,4 admits superior edge bimagic labelling for n > 1. 


Theorem 2.4 There exist a graph from the class P,0K1m that admits superior edge magic 


labeling if n is odd and superior edge bimagic labelling if n is even. 


Proof Consider the path P,, with vertex set {11,22,--- ,@n,} and edge set {ajxiz1;1<i< 
n—1}. Let Ky, have vertex set {y1, y2,--: ,Ym+i} and edge set {yiyj;32< 7 <m+1}. 

Let G be a one of the graph from the class P,OK 1,m Where we superimpose on the vertex 
say yi of Ky, on the selected vertex x, in P,. The vertex set and edge set of graph G is given 
by V = {x,y 1 <i<n,2<j7<m+1} and E = E, UFy, where Ey = {xj 2j441;1<i<n-1} 
and Ey = {tnyj32 <7 <m-— 1}. 


Case 1. nis odd. 
Let f: VUE = {1,2,3,--- ,2m+ 2n— 1} be the bijective function defined by 


(4m+4n—1—1)/2; 1=1,3,---,n 
(4m+3n—1-4)/2; §=2,4,---jn—1 


fy) =Qm+tn+1—j)2sjem+l, 


f(@itigi) =i; 1<i<n-I, 
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f(@nyj) =(n-2+9), 255 5m+1. 


For any edge 2;2;41 in EF}, 


4m+4n—1—-1+4m4+3n—1—-71-—14+22 
fled) + f(tigd) + f(g.) S—§— 


8m+7n—-3 


For any edge zny; in Ee, 


4m+4n—1—n+4m+ 2n+2— 274+ 2n—-—4+4 23 


f (an) + f(y) + f(tny;) = 2 


_— &8m+in—3 


=k. 
2 


Hence the graph G from the class P,OK 1m admits superior edge magic labeling if n is 
odd. 


Case 2. 1 is even. 


Let f: VUE = {1,2,3,--- , 2m + 2n— 1} be the bijective function defined by 


(4m+4n—1-—%)/2; *1=1,3,---,n—-1 
f(xi) = 5 
(4m + 3n — i)/2; GS QA rs 


f(yj) = (Qm+n+1—j9);2<j emt, 
f(@itigi) =i; 1<i<n-I, 
f(anyj) =(n-24+ 9); 2595 mt+l. 


For any edge 2;2;41 in Fj, 


4m+4n—1—-i1+4m+4+3n—-i-14 2% 
ff (ai) + f(eiga) + f(eivigi) — Ce en ee re 
8m + Tn — 2 


= ————— =f. 
D a 


For any edge x,y; in Eo, 


4m + 3n—n+4m-+ 2n+ 2-27 +2n—-—4+4 29 
Le) PI) tas) SS 
8m + 6n — 2 


= eS et. 
2 2 


Hence the graph G from the class P,OK 1,m admits superior edge bimagic labeling if n is 


even. 


§3. Superior Edge Bimagic Labeling for Some General Graphs 


Theorem 3.1 A complete graph K, (n > 6) is not superior edge bimagic. 
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Proof The superior edge bimagic labeling for the complete graph K3, K4 and Ks are in 
the Figures 3-5 following. 


10 


Figure 3 kj =11,k2=14 Figure 4 k, = 18, kg = 21 


Figure 5 k, = 28, ko = 33 


In case n > 6 we show that it is not to do super edge bimagic labeling. There are n 
vertices and nC edges in a complete graph K,,. By labeling the n vertices from (n? — n+ 2)/2, 


(n? —n+4)/2,..., (n? +n)/2 and adding for all edges wv in the complete graph K,, we find 
that vertex sum of edges 


On observing the above sequence of vertex sums of the edges we find that starting from 
n? —n+7 onwards each integers occurs at least three times. Hence on adding the label of edge 
f(uv) to each sum f(u)+f(v), it is impossible to obtain to common edge count ky or kz. Hence 
the complete graph K,, for n > 6 is not superior edge bimagic labeling. 


Theorem 3.2 If G has superior edge magic then G+ Kk, admits edge bimagic total labelling. 


Proof Let G(p,q) be a superior edge magic graph with bijective function f : VUE > 
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{1,2,3,---,p+ q} such that f(u) + f(v) + f(uv) = k for all wv € E(G) where f(E(G)) = 
{1,2,3,--- ,q}. Now we define a new graph G; = G + K, with vertex set Vi = V U {x1} and 
edge set Ey = EU {uj;41; 1 <i < p}. 


Now define the bijective function g: Vi UE; > {1,2,3,---,ptqptqtl,-::,2p+q+1} 
as g(v) = f(v) for all v € V(G) with f(v;) = ¢+i, g(a1) = p+q4+1, g(uv) = f(uv) for all 
uv € E(G) and g(uia1) = (2p + q4+2)-t;1<i<p. 


The edge set of Gi consisting edges of G and remaining edges {v;21;1 <i < p}. Since G 
is superior edge magic, the edges of G have common count k,. Now we need to prove edges 


{ujv1;1 <7 < p} will have a common count ko. 


For edge v;21, g(ui) + 9(@1) + 9(uit1) = q+itpt¢q4+1+ (2Qp+¢q4+2)—-1= 3p4+3q4+3 = ke. 
Hence G+ Ky admit edge bimagic total labelling. 


Theorem 3.3 If G has superior edge magic then there exist a graph from the class GOP, 
admits edge bimagic total labelling. 


Proof Let G(p,q) be a superior edge magic graph with bijective function f : VUE — 
{1,2,3,---,p+q} such that f(u) + f(v) + f(uv) = ki for all uv € E(G) where f(E(G)) = 
{1,2,3,--- ,q}. Consider the graph P,, with Vertex set {11, v2,--+ ,&,} and Edge set {a;2;41;1 < 
i <n-—1}. We superimpose one of the vertex say x; of P, on selected vertex v, in G. Now 
we define new graph G; = GOP,, with vertex set Vi = VU {xj;2 <i < n} and edge set 
EB, = Ev {aeigijl<i<n- I}. 


Now define the bijective function g : V,.UE, — {1,2,3,---,p+q,ptqtl,---,p+q+2n—2} 
as g(v) = f(v) for all vu € V(G) with f(vi) = ¢+%, g(uv) = f(uv) for all uv € E(G) if n is odd, 


(2p + 2g +1 —1)/2; 1=1,3,5,7,---,n 
g(xi) = 
(2po+2qgt+n—1+4+i%)/2; +1=2,4,6,---,n—-1 


g(aitini1) =(ptq+t2n-1)-%; 1<i<n-1 


if n is even and 


(2p + 2g +i—1)/2: a Oe ee he 
g(xi) = 
(2p+ 2g +n—2+4%)/2; 1=2,4,6,---,n 


g(aiti41) = (p+q4+2n—-1)-t; 1l<i<n-l. 


The edge set of G; consisting edges of G and remaining edges {xjxj41;1 <i <n-— 1}. 
Since G is superior edge magic, the edges of G will have common count k,. Now we need to 


prove edges {x;2j41;1 <i<n-—1} have a common count kp. We prove it in two cases. 


Case 1. nis odd. 
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For edge 2;2j41 


g(xi) + 9(ti41) + G(itini) = (2p + 2g +4—1)/24 (2p+ 2q+n+i%)/2 
+(p+q+2n-—1)-i 
= (6p + 6¢ + 5n — 3)/2 = kp 


Thus we have GOP, has two common count k; and kg if n is odd. 
Case 2. 7n is even. 
For edge 22441 
g(xi) + o(xit1) + g(riaig1) = (2p + 2g +i —1)/2+ (Qp+ 2¢+n—1+4+%)/2 


+ (p+q+2n-1)-i 
= (6p + 6g + 5n — 4)/2 = kp 


Thus we have GOP,, has two common count k, and ko if n is even. 


Hence there exist a graph from the class GOP,, admits edge bimagic total labelling. 


Theorem 3.4 If G has superior edge magic then there exist a graph from the class GOK in 
admits edge bimagic total labelling. 


Proof Let G(p,q) be a superior edge magic graph with bijective function f : VUE > 
{1,2,3,---,p+ q} such that f(u) + f(v) + f(uv) = ky for all wv € E(G) where f(E(G)) = 
{1,2,3,---,q}. Consider the graph Ky, with Vertex set {11,22,---,%n41} and Edge set 
{@1%;;2 <i<n-+1}. We superimpose one of the vertex say x; of K1,, on selected vertex v, 
in G. Now we define new graph G; = GOK in with vertex set Vi = VU {aj32 <i<n+1} 
and edge set Ey = FU {a14;;2<i<n+ 1}. 

Now define the bijective function g: Vi UE; — {1,2,3,---,p+qpta@tl,...,ptq+2n} 
as g(v) = f(v) for all v © V(G) with f(vi) = q+ i, g(uv) = f(uv) for all w € E(G), 
g(uj) =p+q—1t+i;l<i<n+1 and g(212;) = (p+q+2n+2)-i;2<i<nt+l. 

The edge set of G; consisting edges of G and remaining edges {1 2;;2 <i<n-+1}. Since 
G is superior edge magic, the edges of G will have common count kj. Now we need to prove 
edges {212;;2 <i <mn+1} will have a common count kg. For edge 212, 


g(t1) + g(ai) + g(a12i1) =pt+qtptq—-1t+it+(ptq+2n+2)-% 
= 3p+3q¢+2n+1=k2 


Thus we have GOK 1,.n has two common count k; and kg. Hence there exist a graph from the 


class GOK 1n admits edge bimagic total labelling. 
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Abstract: In this study, we introduce the spherical images of some special Smarandache 
curves according to Frenet frame and Darboux frame in E*. Besides, we give some differential 
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§1. Introduction 


Curves especially regular curves are used in many fields such as CAGD, mechanics, kinematics 
and differential geometry. Researchers are used various curves in these fields. Special Smaran- 
dache curves are one of them. A regular curve in Minkowski spacetime, whose position vector 
is composed by Frenet frame vectors on another regular curve, is called a Smarandache curve 
({7]). Some authors have studied on special Smarandache curves ((1, 2, 7]). 


In this paper, we give the spherical images of some special Smarandache curves according 
to Frenet frame and Darboux frame in E%. Also, we give some relations between the arc length 


parameters of Smarandache curves and their spherical images. 


§2. Preliminaries 


Let a(s) be an unit speed curve that satisfies ||a’ (s)|| = 1 in EZ. S.Frenet frame of this curve 
in E? parameterized by arc length parameter s is, 
a'(s) =T, i = N(s), T(s) x N(s) = B(s), 


IT"(s)|] 


where T(s) is the unit tangent vector, N(s) is the unit principal normal vector and B(s) is the 
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unit binormal vector of the curve a(s). The derivative formulas of S.Frenet are, 


T 
N | =|: =e" Oe N |, (1) 
B 0 -—r 0 B 


where & = «(s) = ||T"(s)|| and + = 7(s) = ||B’(s)|| are the curvature and the torsion of the 


curve a(s) at s, respectively [4]. 


Let S be a regular surface and a curve a(s) be on the surface S. Since the curve a(s) is 
also a space curve, the curve a(s) has S.Frenet frame as mentioned above. On the other hand, 
since the curve a(s) lies on the surface S$, there exists another frame which is called Darboux 
frame {T,g,n} of the curve a(s). T is the unit tangent vector of the curve a(s), n is the unit 
normal of the surface S and g is a unit vector given by g = n x T.The derivative formulas of 
Darboux frame are 


T 0 Kg Kn T 
g =|-K O g |> (2) 
n —Kn —T, O n 


where, &, is the geodesic curvature, kK, is the normal curvature and Ty is the geodesic torsion 
of the curve a(s). The Darboux vector and the unit Darboux vector of this curve are given, 
respectively as follows 

d=TgI+kng + Kgn 


pa ee (3) 


Id] fatete 
(1) a(s) is a geodesic curve if and only if K,=0. 
(2) a(s) is an asymptotic line if and only if «,=0. 
(3) a(s) is a principal line if and only ifr, =0 ((6)). 
The sphere in E® with the radius r > 0 and the center in the origin is defined by [3] 


Ss = {a — (x1, v2, x3) c ES 5 (x, x) = pt , 


Let the vectors of the moving frame of a curve a(s) with non-vanishing curvature are given. 
Assume that these vectors undergo a parallel displacement and become bound at the origin O 
of the Cartesian coordinate system in space. Then the terminal points of these vectors T(s), 
N(s) and B(s) lie on the unit sphere S which are called the tangent indicatrix, the principal 


normal indicatrix and the binormal indicatrix, respectively of the curve a(s). 


The linear elements dsr, ds and dsg of these indicatrices or spherical images can be easily 
obtained by means of (1). Since T(s), N(s) and B(s) are the vector functions representing these 
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curves we find 
ds, = 67ds", 
i= (K? + a) ds”, (4) 


2 _ 24.2 
dsp = Tds*. 


Curvature and torsion appear here as quotients of linear elements; choosing the orientation 
of the spherical image by the orientation of the curve a(s) we have from (4) 


ra SF, l= SE. (5) 
Moreover, from (5) we obtain the Equation of Lancret ([5]) 


ds*, = ds?. + ds. (6) 


§3. Special Smarandache Curves According to S.Frenet Frame In FE? 


3.1 TN- Smarandache Curves 


Let a(s) be a unit speed regular curve in E% and {T, N, B} be its moving S.Frenet frame. A 
Smarandache TN curve is defined by ([1]) 


ae 
Bea rN): (7) 


Let moving S. Frenet frame of this curve be {T*, N*, B*}. 


3.1.1 Spherical Image of the Unit Vector T; 


We can find the relation between the arc length parameters ds* and ds as follows 


ds* Q2K2 + 72 
rs aa a (8) 


From the equations (5) and (8) we have 


V2K2 + 7? 
era oem (9) 
K 


ds* = 


From the equation (5) we obtain the spherical image of the unit vector T3 as 


dsp, V2)/62? +p? +9? (10) 
=> > SSS 
ds* (Von? + 72)" 


where 
ate V2\/52 + p2 + 7? (11) 
(V2 +72) 
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Here ([1)), 
a =— |x? (2k? +7? yr (re - nr’)], 
— |K? (26? + 377) tr (r3-7e! +47')], 
ee: (Kn | 7) 2 (rr nr’)). 


Then, from the equations (9) and (10) 


dsp = k (2K? + 23/8 T (12) 
is obtained. 
3.1.2 Spherical Image of the Unit Vector Nj 
If we use the equation (6) we have 
ds 
ar VY + (ry. (13) 


Besides, from the equations (6), (8) and (13) 
7 Vay (eye ey V2K2 + Td 14 
7 Qa es 
is obtained, where 


V2 [(«? +77 — r’) (ko + Tw) +6 (xr +1’) (b-—w)+ (r + r’) (Ko — 4)| 


i 7 72 ; 2; 2 (15) 
[7 (262 +7?) +t — KT']o + (TR! — 7’) + (263 + KT?) 
and 
w= wmetK 7? — 3x) ae 
g=—-kK-—k (? + 3K) —3rr + K 
o=—K7— 73 42rK +KT +7 « 
3.1.3 Spherical Image of the Unit Vector B; 
From the equations (5) and (15) we have 
d. * 
2 =r". (16) 


On the other hand, the following formula is found from the equations (5), (8) and (16). 


VILE 
P 


iG) SB (17) 


es 
dsp = 


Example 1 Let the curve a(s) = (2 sint, 2 — cost, 3 sin t) is given. T N-Smarandache curve 
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of this curve is found as 


1 3 
(cost — sint), —= (sint + cost), ——= (cost — sint)] . 


+) |_4_ 
a a 55 


The spherical images of T*, N* and B* for the curve 3(s*) are shown in Figures 1, 2 and 3, 
respectively. 


Figure 3 Spherical image of B* 


3.2 NB- Smarandache Curves 


Let a(s) be a unit speed regular curve in E*® and {T,N, B} be its moving S. Frenet frame. 
Smarandache NB curve is defined by ((1]) 


(N +B). (18) 
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3.2.1 Spherical Image of the Unit Vector T; 


From the equations (5) and (8) we have 


VI HT 
————_ AST. 
aaa 


From the equation (5), we obtain the spherical image of the T3 as 


dsp, — V2 + 4+ 


ds* (Qn? +72)? 


ds* = 


9 


where 
v1 =r (2n+7') +77 (r-*') ; 
y= [A (2x? +3774 2r') +7 Ge — ann’ )] ; 
v3 = 2K? Ge a =) ee Gai + 2nn’ ) : 

Then, the following formula is obtained from the equations (9) and (20). 


VE+B+% | 


ds, = ST 
= kK (2K? + 72)3/2 


3.2.2 Spherical Image of the Unit Vector Nj 


The spherical image of Nj can be found by using the equation (6) as 


ds* 2 2 
BN = Vln)? + ref, 
8 
where 
a V2 (Kp3 +71) (27? a K?) 
(273 — 22)? + (4! — TK’)? + (—K3 + er! — 7)” 
and 
y3 = —-T? 8rr + «274 Tr, 


gi =—Ke +k (? + 2r') Lae Ses 
Besides, from the equations (6), (8) and (22) 


V2K2 + 72 d 
———————— S 
VV K+ 72 - 


dshy = (n+ (7 


is obtained. 


3.2.3 Spherical Image of the Unit Vector Bj 


(19) 


(20) 


(21) 


(22) 


(23) 


(24) 
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From the equations (5) and (23) we have 


ds 
=f". 25 
ds* . (25) 


On the other hand, from the equations (5), (8) and (25) 


V2 (Kyp3 +TY1) (27? — k?) | V2K2 + 72 


dee ="); —_— a ee _ ed) a de 26 
° Es 2n2)? + (er! — TR’)” + (—K3 + wr’ — wr)? tV2 . rl 


is found. 


Example 2 Let the curve a(s) = (2 sint, 2—cost, 2sint) is given. NB -Smarandache curve 


of this curve is 


B (s*) eee ee 
= —= |—> > — sin =| 
8 53 5 sin 5) cost, —= si 5 


The spherical images of T* and N* for the curve @ (s*) are shown in Figures 4 and 5, respectively. 


1.07 
10-05 00 05 aoio 05 00 05 10 


Figure 5 Spherical image of N* 
The spherical image of B* for the curve ( (s*) is a point similar to the Figure 3. 
3.3  TB- Smarandache Curves 


Let a(s) be a unit speed regular curve in E® and {T,N,B} be its moving S.Frenet frame. 
Smarandache TB curve is defined by ((1]) 


B(s*) = —= (T+ B). (27) 
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3.3.1 Spherical Image of the Unit Vector T; 


We can find the spherical image of T3 from the equation (5) and obtain 


dsp x _ V2Vor +03 +03 (28) 


dss (Qe2 +72)?’ 


where 
j= (Ke? + 7) («7 _ #7) ; 
02 = (2447) («'r - rr’) , 


03 = (2k? + =) («7 - 7) F 


From the equations (5) and (8) 


VET 
————_ 85 
oy ea 


is obtained. Then, the formula following is acquired from equations (28) and (29). 


ds* = (29) 


(30) 


3.3.2 Spherical Image of the Unit Vector N; 


If we use the equation (6) we have the spherical image of Nj as 


i 
ds _ 


ds* ~ Ge + (Cone (31) 


Besides, from the equations (6), (8) and (31) 
Lee ee 
ds = («*)? + (0°) Te aan (32) 


ile V2 (7 —K)? (K®3 + T®,) (33) 


[F(x 7) alaG 7) 


is obtained, where 


®3 = ar (x -1') ae (Ee) 
oT =n (r—K) +26 (7 -*'). 
3.3.3 Spherical Image of the Unit Vector Bj 
From the equations (5) and (33) we have 


dsp 
ds* 


aes (34) 
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On the other hand, the following formula is found from the equations (5), (8) and (34). 


V2 (tr — K)* (K®3 + 71) VIPAT? 
[- (K r)] lk (K r)] ry/2 


ds = (35) 


4 


Example 3 Let the curve a(s) = (3 


sint, 2—cost, 3sint) is given. TB -Smarandache curve 
of this curve is 


pian eet ee 
8 eee 5 cos 5 sind, cos 5 |: 


The spherical images of T* and N* for the curve @ (s*) are shown in Figures 6 and 7, respectively. 


-1.0-4 
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Figure 6 Spherical image of T* 
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Figure 7 Spherical image of N* 
The spherical image of B* for the curve ( (s*) is a point similar to the Figure 3. 
3.4 TNB- Smarandache Curves 


Let a(s) be a unit speed regular curve in E® and {T,N,B} be its moving S.Frenet frame. 
Smarandache TN B curve is defined by ((1]) 


B(s*) = (T+N+B). (36) 


Remark 1 The spherical images of the curve ( (s*) can be found in a similar way as presented 
above. 
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§4. Spherical Images of Darboux Frame {T,g,n} 


Let S be an oriented surface in E*. Let a(s) be a unit speed regular curves in E? and {T,g,n} 


be Darboux frame of this curve. 


4.1 Spherical Image of The Unit Vector T 


The differential geometric properties of the spherical image of the unit vector T are given as 


dT dT ds 

dsp ds dsr 
aT A ) ds 
— =(k Knn) .—— 
dst 99 dsp 


ds a / 2 2 
We => Kg + Ky,- (37) 


On the other hand, from (4) and (37) 
K=4/K2 + 62. (38) 
can be written. 


4.2 Spherical Image of The Unit Vector g 


The differential geometric properties of the spherical image of the unit vector g are found as 


dg _ dg ds 

ds, ds ds, 
dg ds 
chen GaP? peas 
dsq ( Kg 1; Tgn) ds, 


The relation between the arc length parameters are given as follows 
ds 
a, MG Ts (39) 


4.3 Spherical Image of The Unit Vector n 


The differential geometric properties of the spherical image of the unit vector n are given as 


dn _ dn ds 
ds, ds d&», 
dn ds 
(—KnT' — T 9g). 


ds 


din 
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Also, the relation between the arc length parameters is obtained as 
ds 
Te at TG (40) 


Results: 


i) If a(s) ts a geodesic curve, for kg = 0, 


dsp as dsy 
= Bs g a fo 7 inane BA: 2 
: = Kn =f, qo = Ty; ra Ky tTg =4/K° +79. 


Also, the unit Darboux vector is as follows 


Tg’ + King 
4 jae + K2 


ii) If a(s) is an asymptotic line, for ky=0 


dsr as ds 
= pa Green fed 2 = 6 f2 2 Ds 
ae = Kg = 4, 7a Kg tT; = K + iT); aE = Tg; 


and the unit Darboux vector is 


Tgl + Kgn 
1S) P) 
T 3 + Kg 


iii) If a(s) is a line of curvature, for tT, =0 


dsp 
Ga Ke+K, =k, az = Raq — = Kn; 


and the unit Darboux vector is 


§5. Special Smarandache Curves According To Darboux Frame In E* 


5.1 Tg- Smarandache Curves 


Let S$ be an oriented surface in E?. Let a(s) be a unit speed regular curve in E*, {T, N, B} 
and {T, g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache Tg curve is 
defined by 


B(s")=—s(T +9). (41) 


ls 


4.2 Tn- Smarandache Curves 


Let S be an oriented surface in E?. Let a(s) be a unit speed regular curve in E?, {T, N, B} 
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and {T,g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache T'n curve is 
defined by 


ce aul 
B(s") = (T +n). (42) 


4.3 gn- Smarandache Curves 


Let S$ be an oriented surface in E°. Let a(s) be a unit speed regular curve in E*, {T, N, B} 
and {T,g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache gn curve is 
defined by 


B(s") = + (g+n). (43) 


4.4 Tgn- Smarandache Curves 


Let S be an oriented surface in E?. Let a(s) be a unit speed regular curve in E?, {T, N, B} 
and {T,g,n} be its S.Frenet frame and Darboux frame, respectively. Smarandache Tgn curve 
is defined by 


B(s")=Z@+a+n). (44) 


(See [2].) 


Remark 2 The spherical images of these curves can be easily obtained by the similar way as 


explained in Section 4. 


§6. Conclusion 


Spherical mechanisms are very important for robotics. Spherical curves which are drawn by 
spherical mechanisms are used widely in kinematics and robotics. For this purpose, we presented 


the spherical images of special Smarandache curves and obtained some relations between them. 
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§1. Introduction 


1.1 Latin Squares 


Combinatorial theory is one of the fastest growing areas of modern mathematics. Combinatorial 
designs have wide applications in various fields, including coding theory and cryptography. 
Many examples of combinatorial designs can be listed like linked design, balanced design, one- 


factorization, graph etc. Latin square is one such combinatorial concept. 


Definition 1.1 A Latin square of order ( or size) n is ann xn array based on some set S of n 
symbols (treatments), with the property that every row and every column contains every symbol 


exactly once. 


In other words, every row and every column is a permutation of S. Also it can be thought 
of as a two dimensional analogue of a permutation. A Latin square can be viewed as a quadruple 
(R, C,S;L), where R,C, and S are sets of cardinality n, L is a mapping L: R x C > S such 
that for any i € Rand x € S, the equation 


L(i,j) =x 


has a unique solution j € C’, and for any 7 € C, x € S,, the same equation has a unique solution 
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i€ R. That is any two of i € R,j € C,x € S uniquely determine the third so that L(t, 7) = x. 
ie., the cell in row i and column j contains the symbol L(i, 7). 


Using the concept of permutation functions we can define Latin squares as follows: 


Definition 1.2 A function f : S? + S ona finite set S of sizen > 1 is said to be a Latin 
square (of order n) if for any a € S' both the functions f(a,.) and f(.,a) are permutations of S. 


Here, f(a,.) determines the rows and f(.,a) determines the columns of the Latin square. 
Latin squares exist for all n, as an obvious example we can consider addition modulo n. 


Example 1.3 A Latin square of order 5 over the set {a, b,c, d,e} is below: 


The terminology ‘Latin square’ originated with Euler who used a set of Latin letters for the 
set S. We discussed some results in [2] about the formation of Latin squares using bivariate 


permutation polynomials. 


1.2 Orthogonal Latin Squares 


One of the origins of the study of Latin squares is usually identified with the now famous 
problem of Euler concerning the arrangement of 36 officers of 6 different ranks and 6 different 
regiments into a 6 x 6 square. If there were such an officer holding each rank from each regiment, 
Euler’s problem was to find an arrangement in which each rank and each regiment would be 
represented in every row and column. A solution requires two Latin squares of order 6; in 
one, the symbols represent the ranks and in the other regiments. Furthermore,the two Latin 
squares must be compatible in a very precise sense so that if one is superimposed on the other, 
each ordered pair occurs exactly once. Two such squares which exhibit such ” compatibility” 
are orthogonal Latin squares. It is interesting to compare two Latin squares on the same set 
in different ways like equivalence, which we already saw above. Orthogonality is a very useful 


concept in the study of Latin squares, having a lot of applications in cryptography. 


Definition 1.4 Two Latin squares L1: Rx C—3S and ly: Rx C—S (with the same row 
and column sets) are said to be orthogonal when for each ordered pair (s,t)€ S x T, there is a 
unique cell (x,y) € Rx C so that 


LIy(a,y) =s8 and Lo(x,y) =t. 
That is, two Latin squares A and B of the same order n are orthogonal, if the n? ordered 


pairs (a,;,b;;), the pairs formed by superimposing one square on the other, are all different. 
One can say ” A is orthogonal to B” or” B is orthogonal to A”. So, the relation of orthogonality 
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is symmetric. In general, one can speak of k mutually orthogonal Latin squares Ay, Ao,:-- , Ax 
such that A; is orthogonal to A; whenever i # j. 


§2. Orthogonality and Bivariate Polynomials 


Using the concept of permutation functions orthogonality can be defined as follows: 


Definition 2.1 A pair of functions fi(*,*), fo(*,*) is said to be orthogonal if the pairs 
(fi(z,y), fa(a,y)) are all distinct, as x and y vary. 


Shannon observed that Latin squares are useful in cryptography. Schnorr and Vaudenay 
applied pairs of orthogonal Latin squares(which they called multtpermutations) to cryptography. 
The following theorem is due to Rivest [1]: 


Theorem 2.2 There are no two polynomials P,(x,y), Pa(a,y) modulo 2” for w > 1 that form 


a pair of orthogonal Latin squares. 


In fact Euler believed that no pair of orthogonal Latin squares of order 6 exist, and this 
was not shown until Tarry did so around 1900 by means of an almost exhaustive search. While 
there are other less tedious methods now available to prove this result, it is still not an easy 
task to prove this without the aid of a computer [3]. Euler’s actual conjecture was far stronger 
in that he speculated that there did not exist orthogonal Latin squares for orders n = 6, 10, 
14,---. This famous conjecture, which is associated with Euler’s name remained unsolved until 
Bose, Parker and Shrikhande showed it to be false for n = 10, 14,---. in a series of papers in 
1959 and 1960 ([4]). 

If we have two orthogonal Latin squares of order 4, both over the set, {1,2,3,4}, the 
configuration of their superposition is as follows: 


Rivest [1] proved that no two bivariate polynomials modulo 2”, for w > 1 can form a pair of 
orthogonal Latin squares. This is because all the bivariate polynomials over Z,, where n = 2”, 
will form Latin squares which can be equally divided into 4 parts as shown below, where the 
n/2 x n/2 squares A and D are identical and n/2 x n/2 squares B and C are identical. 
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So, no two such Latin squares can be orthogonal. 


Theorem 2.3 There are no two bivariate polynomials P;(x,y) and P2(x,y) over Z,, where n 


is even, which can form orthogonal Latin squares. 


Proof Let n = 2m and Q(x) be any univariate polynomial over Z,,.Then, Q(x +m) = 
Q(x) + m(mod n) for all x € Z,. Hence, 


Pi(a+m,y+m) = Pi(xz,y +m) +m (mod n) 
= P,(x,y) + 2m (mod n) 
= Pi(ityy) (nod 1) 


The same holds for P(x, y) too. Therefore,(P; (2, y), Pa(z,y) = Pi(x+m,y+m), Po(x+m,yt+ 
m)). So, the pair of Latin squares cannot be orthogonal. 


We do have examples of bivariate polynomials modulo n 4 2” and n odd, such that the 
resulting Latin squares are orthogonal. 
Example 2.4 The following is a pair of Latin squares over Z 9 which are orthogonal to each 
other. 


Latin square formed by Latin square formed by 


5a + yt 3xry + 32? + by? Qxr + 5y + Gry + 3x? + by? 


The two bivariate quadratic polynomials x+5y+3xry+6x7+4+ 3y? and 4r+7y+6ry+3x74 6y? 


give two orthogonal Latin squares over Zp. Also, x + 4y + 3zy is a quadratic bivariate which 


gives a Latin square orthogonal to Latin square formed by x + 5y + 3xy + 6x? + 3y? over Zo, 
but not to that of 4x2 + 7y + 6xry + 3x? + 6y?. 
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Remark 2.5 We have found many examples in which the rows or columns of the Latin 
square formed by quadratic bivariates over Z, are cyclic shifts of a single permutation of 
{0,1,2,---,n— 1}. If two bivariates give such Latin squares, then corresponding to any one 
entry in one Latin square, if there are n different entries in n rows of the other Latin square, 
then those two Latin squares will be orthogonal.For instance, in the example below, the entries 
in the second square corresponding to the entry 0 in the first square are 0, 8, 7, 6, 5, 4, 3, 2, 1. 
The rows of the first square are all cyclic shifts of the permutation (0, 8, 4, 6, 5, 1, 3, 2, 7), not 
in order. Also the columns of the second square are the cyclic shifts of the permutation (0, 7, 
2, 3, 1, 5, 6, 4, 8), not in order. 


Example 2.6 


Latin square formed by Latin square formed by 


5a +y + 3ay + 3x? + by? Tx + 4y + 6ry + 6x? + 3y? 


Instead of looking for an orthogonal mate of Latin square formed by some other polynomial 


we looked at the mirror image of the square itself. 


Example 2.7 The Latin square formed by the polynomial 4x2 + 7y + 6ry + 6x? + 3y? over Zo 


and its mirror image are given below: 
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These two are orthogonal to each other. Over the ring 77, here is a Latin square formed 


by the polynomial 3x + 4y, with its mirror image, which are orthogonal to each other: 


But this is not always true. We have the example below 2.8: in the ring Zg, the Latin square 
formed by the polynomial x + 5y + 4xy + 2x? + 6y? is not orthogonal with its mirror image. 


Example 2.8 


Here there are 32 distinct pairs, each appearing twice. Also all the pairs of the form (a, b), 
where one of a and b is odd and the other is even are appearing and all pairs that appear are 


of this form. 


Theorem 2.9 For odd n, Latin square over Zp, formed by a bivariate permutation polynomial 


P(a,y) is orthogonal with its mirror image. 


Proof If P(a,y) is a bivariate linear polynomial, then clearly the rows (columns) are 
simply cyclic shifts of a single row (column). Hence the Latin Squares got by P(x, y) and its 
mirror image are orthogonal. In the general case, corresponding to the cell index (a, y), the 
index in the mirror image is (n—1-—a, y). Thus if Z denotes the Latin square formed by P(z, y) 
and L’ is its mirror image, on superimposing L and L’ the entry in cell index (x,y) will be 
(P(2,y), P(n—1-—2,y)). Since P is a permutation polynomial, these pairs will all be distinct 


as x and y vary in Z,. Hence they are orthogonal. 


Remark 2.10 In case of rings Z,, where n is even, we know from Theorem 2.3, the Latin 
squares formed by bivariate permutation polynomials have four parts with diagonally opposite 


pair of parts being same. Mirror images of such squares are also of the same kind. So, in the 
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first n/2 rows we can get n/2 distinct pairs of corresponding entries. In the last n/2 rows, these 
pairs will repeat in the same order. So, these two pair of squares are not orthogonal. 


§3. Conclusion 


Identifying a pair of bivariate polynomials modulo n which represent a pair of orthogonal Latin 
squares is not obvious. But for odd n, a Latin square formed by a bivariate polynomial is 
orthogonal to its mirror image. Moreover, no two bivariate polynomials over Z,,, when n is 


even can form orthogonal Latin squares. 
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Abstract: A subset D of V is called an equitable dominating set [8] if for every v € V—D 
there exists a vertex u € D such that uv € E(G) and |deg(u) — deg(v)| < 1, where deg(u) 
denotes the degree of vertex u and deg(v) denotes the degree of vertex v. Recently, The 
minimum covering energy E.(G) of a graph is introduced by Prof. C. Adiga, and co-authors 
[1]. Motivated by [1], in this paper we define energy of minimum equitable domination 
Epp(G) of some graphs and we obtain bounds on Ezgp(G). We also obtain the minimum 
equitable domination determinant of some graph G given by detgp(G) = pipe... fn where 


[41, [2,-++,Pn are eigenvalues of Agp(G). 


Key Words: Minimum equitable domination set, spectrum of minimum equitable domi- 
nation matrix, energy of minimum equitable domination, determinant of minimum equitable 


domination matrix. 


AMS(2010): 05C50. 


§1. Introduction 


The energy of a graph and its applications to Organic Chemistry are given in detail in two 
important works by I. Gutman and co-authors [5, 9]. For more details with applications on the 
energy of a graph, one may refer [2, 4, 6, 9]. Recently, the minimum covering energy E.(G) of 
a graph is introduced by Prof. C. Adiga, and co-authors [1]. Motivated by [1], in this paper we 
define energy of minimum equitable domination Egp(G) of some graphs and we obtain bounds 
on Egp(G). We also obtain the minimum equitable domination determinant of some graph G 
given by detgp(G) = tiple... fn where p41, [2,..-, ln are eigenvalues of Agp(G). 

Let G be a graph with set of vertices , V = {v1,v2,--- ,Un} and set of edges, E. For a 
simple graph, i.e a graph without loops, multiple or directed edges, a subset D of V is called 
an equitable dominating set [8] if for every v € V — D there exists a vertex u € D such that 
uv € E(G) and |deg(u) — deg(v)| < 1, where deg(u) denotes the degree of vertex u and deg(v) 
denotes the degree of vertex v. Let ED is minimum equitable domination set of a graph G. 


The minimum equitable domination matrix is defined as a square matrix Agp(G) = (ai;), 
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where 
1 ifuey;ek 
aij = 1 ift=jandu,€ ED (1) 
0 otherwise. 
The eigenvalues of the minimum equitable domination matrix Agp(G) are 1, l2,--+ , Ln. 


Since the minimum equitable domination matrix is symmetric, its eigenvalues are real and can 
be written as fly > fg > ++: > fn. The energy of minimum equitable domination of a graph is 
defined as 


Epp(@) =) |mil. (2) 


We also obtain the minimum equitable domination determinant of some graph G given by 


detep(G) = pip2--+ ln where [41, H2,-.-, {ln are eigenvalues of Agp(G). 


Example 1.1 The figure 1 shows the graph G with vertices {v1, v2, v3, U4, Us, ve}. Then mini- 


mum equitable domination sets are ED, = {v1, v4} and ED 2 = {vo, us}, 
v2 U3 


G v4 v4 
ve fig) — us 
110 00 1 
1010 0 1 
0 1 041 41 £=0 
Arp,(G) = 
00 1 1 21 =+0 
001 1 0 1 
110 01 0 


characteristic polynomial of Agp, (G) is ®6(G, ) = w® — 2u° — 7u4 + 83 + 12p?, the spectrum 
of AgD, (G) is 


3.2 0 -1 -2 
12 1 1 


Specep, = 


and the energy of minimum equitable domination of ED; is Egp, = 8 and detgp,(G) = 0.. 


Agp,(G) = 


ek > Sr OS 
ee et et > ES 


1 
1 
0 
0 
1 
0 


Ee OO OF CO FE O&O 
a = ee > 
Co rF Oo FF ODO OO 
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° 5 — 7y4 + 6u3 + 14? — 3, the 


characteristic polynomial of Agp,(G) is ®6(G,u) = pu 
spectrum of Agp,(G) is 


3.1819 1.8019 0.4450 —0.5936 —1.2470 —1.5884 
1 1 i} 1 1 1 


Specep, = 


and the energy of minimum equitable domination of ED2 is Egp, = 8.8578 and detgp,(G) = 
—3. One can note that detgp,(G) 4 0and Egp, > Egp,. Also the energy of minimum equitable 


domination depends upon the minimum equitable domination set. 


§2. Bounds for the Minimum Equitable Domination Energy of a Graph 


We first need the following Lemma. 


Lemma 2.1 Let G be a graph with vertices {v1,v2,...,Un} and let Agp(G) be the minimum 
equitable domination matrix of G. Let ®,(Agp(G)) = det(uIn — Anp(G)) = com” +p) + 
cop”? +--+ + en be the characteristic polynomial of Agp(G). Then 


(1) co = 1; 
(2) «1 = —|ED|; 
|ED| 
(3) C2 = —m 
2 


Proof (1) co = 1 follows directly from the definition ®,(G, 4) = det(ul, — Azp(G)), ie 
co = 1. 
(2) c, = sum of determinants of all 1 x 1 principal submatrices of Agp(G), 


ie cy = (—1)! trace of Agp(G) = —|ED|. 


(3) co = sum of determinants of all 2 x 2 principal submatrices of Azp(G), 


: Ay Aig 
1.€ CQ = (-1)? a - ad = So (aia; — 435%) = S- Ayiaji — S- ar, 


i<j |@si 55 i<j i<j i<j 
|ED| 
C2 
2 
Lemma 2.2 Let G be a connected graph and let p11, [M2,+++ , Un be the eigenvalues of minimum 


equitable dominating matrix Agp(G). Then 


S- Mi = |ED| 
i=1 


and 


i =2m+|ED|. 


i=l 


The Minimum Equitable Domination Energy of a Graph 65 


Proof The sum of diagonal elements of Agp(G) is )07_, i = trace[App(G)] = 0, aii 
= |ED). 


Similarly, the sum of squares of the eigenvalues of Agp(G) is trace of [Azp(G)] 


n n n 
2 
Mi Qij Aji 
i=l 


i=1 j=l 


2 


3 


I 


n 


=~ Sg) + og Gee 
j=1 ifj 
n 


= Sau)? +2 %(aiy)? 


i=1 i<j 


i =22m+|ED|. 
i=1 


Theorem 2.3 Let G, and G2 be two graphs with n vertices and m,, m2 are number of edges 


in G and G9 respectively. Let p1, [12,°*+ , ln are eigenvalues of Agp,(Gi) and ph, uh,-+- , wh, 
are eigenvalues of App, (G2). Then 


So ui wi < (2m + |ED1|)(2m2 + |ED3)), 
i=1 


where App,(G;) is minimum equitable domination matrix of G; (i = 1,2) and ED,, ED» be 


minimum equitable domination sets of Gy and G2 respectively. 


Proof Let 11, }#2,++* , {mn are eigenvalues of App, (G1) and pw, u5,--- , pw), are eigenvalues 
of Agp,(G2). Then by the Cauchy-Schwartz inequality, we have 


n 2 n n 
(Ee) <(Ue) (Ee), 
i=1 i=1 i=l 
If a; = ps, 6; = pi then 


: val) < (>: ) (S00) 
(>: on) 


Hence the theorem. 


x 


IA 


=> Soul < VQm, +|EDi|) (m2 + |ED3)). 
i=1 


Theorem 2.4 Let G be a graph with n vertices, m edges. Let ED is the minimum equitable 
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domination set. Then 


(2m +|ED|) +n(n—1) \detAgp(G)|?/" < Egp(G) < Vn(Qm+|ED)). 


Proof This proof follows the ideas of McClelland’s bounds [6] for graphs E(G). For the 
upper bound, let p41, 2,--- , fn be the eigenvalues of minimum equitable dominating matrix 
Agp(G). Apply the Cauchy-Schwartz inequality to (1,1,--- ,1) and (fu, f2,-++ , fn) is 


n 2 n n 
(em) <(e) (E¥), 
i=1 i=1 i=1 
If ay = 1 b; = |p | then 


(Em) = (Ee) (Eur) 


=> [Exep(G)? < n(2m+4+|ED)) 
from the above (S77_, w? = 2m+|ED)) , 


IA 


Epp(G) < ¥n(2m + |ED)), 


which is upper bound. 


For the lower bound, by using arithmetic mean and geometric mean inequality, we have 


—_1 _ 
nm(n—1) 


ey 2 Wl el > EDD dered Nees 
qa iAj 
i 
n= 1) 
Solu lal = n(n-1) (TL fsa »| 
tA 


2/n 
So lua |uj| = n(n — 1) (I's) : (3) 


tj 


Consider 


Egp(G)}? = bs |e: | >> [s|? + S- [145 [125]. 


tj 
From (3) we have 


2/n 
[Ezp(G) P= Sl? +f (n— 1) Teta) ; 


w=1 


[Exp(G@))? > (2m +|ED|) +n(n— 1) |detAgp(G)?/” 
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= [Ezp(G)] = \/(2m+|ED|) + n(n — 1) |detAgn(G)/?/, 


which is lower bound. 


Theorem 2.5 If the minimum equitable domination energy Egp(G) is a rational number, then 
Epp(G) = |ED|(mod2), where ED is minimum equitable domination set. 


Proof Let 1, la,-+*, Ln be the eigenvalues of minimum equitable domination matrix 
Agp(G). Then the trace of 


Agp(G) = > - au = |ED|. 
t=1 


Let {41, [/2,°*+ , Ur be positive and remaining eigenvalues are non-positive then, 


n 
So loa] = Ga + la te + or) = (rg + Mega + + Hn) 


Ezp(G) = 
i=1 
= 2(ur + pe t-->+ Mr) — (fa + fe +--+ + En) 
=> 2p a eon pp) = [BD 
= Egp(G) = |ED|(mod2). 


Hence the theorem. 


§3. Minimum Equitable Domination Energy and Determinant of 


Certain Standard Graphs 


Theorem 3.1 For n > 4, the minimum equitable domination energy of star graph Si n-1 ts 


(n —2)+2V/n—1. 


Proof Consider the star graph S),—-1 with vertex set V = {vo, v1,-+* ,Un—1}. The mini- 
mum equitable domination set is ED = {vo,v1,--: ,Un—1}. Then minimum equitable domina- 


tion matrix is 


111 Lo: 

1 1 0 0 0 

1 01 0 0 
Agp(Sin-1) = 

1 0 1 0 

1 0 0 1 


nxn 


The characteristic polynomial of Agp(S1,n-1) is 
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uw-l -l —1 —1 —1 
-1 p-1l 0 0 0 
—1 0 ul 0 0 
®, (Si n—-1; /) = 
—1 0 0 ul 0 
—1 0 0 0 ul Lost 
-1 -1l -1 -1 w-l -1 -1 —1 
p-l 0 0 0 -1 p-l 0 0 
0 pl Jo: 0 0 -1 0 0 0 
=SON ||. ; _{+(@-1) 
0 0 p-l 0 0 -1 0 p-l 0 
0 u-1 0 —1 0 0 p-1 
@n(Styn-1, 4) = —(M— 1)" + (uw NY @n-1(S1yn-2, 1). (4) 
Now change n to n — 1 in (1), we get 
®n—1(S1n—2,H) = —(H— 1)"~* + (u— 1)@n—2(S1,n-3, H)- (5) 
Substitute (5) in (4), 
®n (Sinai Ht) = —2(H— 1)" + (w= 1)? @n2(Si.n—a, Ht) (6) 
Continuing this process, we get 
@n(Siyn-1,4) = —(n—4)(w—1)"* + (w—1)"*4(S1,3, 4) 
= —(n—4)(4— 1) + (w— )[(w — 1)? — 2 — 2)] 
@n(Sin-1,H) = (w— 1)" [p? — Qu (n—- 2)]. 


The spectrum of minimum domination energy of a graph is 


l+vVn-1 1 l-vVn-1 


1 n—2 1 


Specep(Si, n-1) = 


The energy of minimum equitable domination of a graph is 


Erp(S1, n-1) = (n—2)+2Vn—1, n> 4. 


Theorem 3.2 Let Ks be complete bipartite graph with s+t vertices and energy of minimum equitable 


complete bipartite graph Egp(Ks,t) is 
Erp(Ks,t) _ (s +t- 2) + QV st 


if|s—t]>2, s,t>2. 
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Proof Let complete bipartite graph Ks,z with |s — t| > 2 where s,t > 2 with vertex set V = 


{v1,v2,+++ Us, U1, U2,-++ , ue}. The minimum equitable domination set is ED = {v1,v2,--+ ,Us,U1,U2,°*+ , Ue}. 
Then 
1 0 0 0 1 1 1 1 
0 1 0 dt pl 1 1 
0 0 1 0 0 1 1 1 1 
0 0 1 01 1 1 1 
0 0 0 1 11 1 1 
Agp(Ks,t) = 
1 1 1 1 1 0 0 O 
1 1 PS, AQ Sk 0 0 
1 1 1 1 0 0 41.. 0 0 
1 1 1 1 0 1 0 
1 1 1 1 0 0 0 
(s+t) x (s+t) 
The characteristic polynomial of Agp(Ks,t) is 
ne eT 0 0 = ee = | 
0. p24 0 0 Si <2 = 
0 0 0 0 —1 —1 —1 -1 
0 0 u-1 0 | ta 
0 0 O “Be a. et 
O.41(Kst,h) = 
a et 3. Si pak 2 0 0 
Aa, a = er 0 pl 0 0 
-1 -1 —1 —1 0 0 0 0 
e4, . sae 3. 27 0 u-1l 0 
= = | 0 0 G (g=4 
_ (u— 1)Is IS 
—Jixs (u- 1 
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where Jixs is a matrix with all entries equal to one, 


Ps44(Kse,u) = |(u—1)ls| (w- Dh - acer = ee 
Sai teh 77 
= (u-1)°** Pyyr[(u- 1)7] 
= (w—1)°* Ps,[(u—- 1”), 
where P; 7, is the characteristic polynomial of the matrix sj 
Boit(Kot@) = ("#—1)?*[(u—1)? — st] [(u—1)7]* 


= (w—1) "(w= 1)? Ww? +1 - Ye — st] 


Geie(Ksz,u) = (u—1)°*? [w? — 2 — (st —1)] 


is the characteristic polynomial of minimum equitable domination matrix of Ks; ;. The spectrum of 


minimum equitable domination matrix of Ks,¢ is 


14+ Vst 1 1—Vst 


1 s+t—2 1 


Specen(Ks, t) = 


The minimum equitable domination energy of a graph is 


Erp(Ke, t) = (s+t—2)+2Vst. 


A crown graph S® for an integer n > 3 is the graph with vertex set {v1,v2,..+,Un, U1, U2,°"* ,Un} 
and edge set {ujui : 1 < i,j <n, i # j}. Therefore S° coincides with the complete bipartite graph 


Knjn with horizontal edges removed [1]. 


Theorem 3.3 For n> 3, the minimum equitable domination energy of the crown graph S° is equal to 


2(n — 2) + Vn? — 2n+5+ Vn? + 2n- 3. 


Proof Consider crown graph S$° with vertex set V = {v1,02,°++ Un, U1, U2,+++ ,Un}. The minimum 
equitable domination set is ED = {v1, ui}. 

Then the minimum equitable domination matrix of S° is same as the minimum domination matrix 
of S? by [7]. Therefore 


Epp(Se) =2(n— 2) + Vn? — 2n +5 + Vn? + 2n — 3. 


Theorem 3.4 For n > 2, the minimum equitable domination energy of complete graph Ky is 
(n — 2) + Vn? — 2n+5 


Proof Consider the complete graph Kn with vertex set V = {v1,v2,--: ,Un}. The minimum 


equitable domination set is ED = {v1}. Then the minimum equitable domination matrix of Ky is 
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same as the minimum domination matrix of K, by [7]. Therefore, 


Erp(Kn) = (n—-2)4 Jn? —2n +5. 


Let us obtain the minimum equitable domination determinant of some graph G given by detgp(G) = 


[ipl2-++ pln, Where j1, [f2,-+- , {ln are eigenvalues of Agp(G). 


Proposition 3.5 Let Sin-1 (n > 4), Kn (n > 2) be the star and complete graphs with n vertices, 
respectively, S° (n > 3), is crown graph with 2n vertices and Ks (|s—t| > 2) be the complete bipartite 
graph with s+t vertices. Then 


Proof w.k.t detep(G) = 1 f2--+ fn, where [1, [2,°-+ , Un are eigenvalues of G. 
Case 1. detmp(Sin—1) = (1+ V/n—1)' 1°? (1—- Vn—T)' = —(n— 2), where n > 4. 
Case 2. 


= (Cele eS 1) as Ze 


= (-1)""', where n> 2. 


detep(Kn) 


Case 3. detep(Ks) = (1+ Vst)! (1)°**-? (1— Vst)! = (1 — st), where |s — t| > 2. 
Case 4. 


deteo(st) = (Go DAVE=RTS a ee ey 


where n > 3. 


Theorem 3.6 If the graph G is non-singular (i.e no eigenvalues of Azp(G) is equal to zero) then 
Egp(G) > n, (non-hypoenergetic). 


Proof. Let j1,{2,--- ,m are non-zero eigenvalues of Azp(G). Then inequality between the 


arithmetic and geometric mean, we have 


dy [in| + [yal +--+ lee 
dx n 


1/n 


IV 


(Iya |[H2] ~~ [en|) 


1 


— Exp(G) (detAgp(G))'”. 


IV 


The determinant of the Azp(G) matrix is necessary an integer. Because no eigenvalues is zero, 
|\detAgp(G)| > 1 then |detAzp(G)|'/" > 1. Therefore Ezp(G) > n. 
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Abstract: In this paper, we investigate relaxed mean labeling of some standard graphs. 
We prove, any cycle is a relaxed mean graph; if n > 4, Ky is not a relaxed mean graph; 
Ko2,n is a relaxed mean graph for all n; any Triangular snake is a relaxed mean graph; any 
Quadrilateral snake is a relaxed mean graph; the graph P? is a relaxed mean graph; Ly © Ki 
is a relaxed mean graph. Also, we prove Ky, + 2K 2 is a relaxed mean graph for all n; W4 is 
a relaxed mean graph; K2 + mkj is a relaxed mean graph for all m; if Gi and G2 are tree, 
then G = GU G2 is a relaxed mean graph; the planar grid Pm x Py, is a relaxed mean 
graph for m > 2, n > 2 and the prism P,, x Cy, is a relaxed mean graph for m > 2 and for 
all n > 3. 


Key Words: Smarandache relaxed k-mean graph, relaxed mean graph, cycle, path, star. 
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§1. Introduction 


All graphs in this paper are finite, simple an undirected. Terms not defined here are used in the sense 
of Harary [3]. In 1966, Rosa [5] introduced (-valuation of graph. Golomb subsequently called such 
a labeling graceful. In 1980, Graham and Sloane [2] introduced the harmonious labeling of a graph. 
Also, in 2003, Somasundaram and Ponraj [6] and [7] introduced the mean labeling of a graph. On 
similar lines, we define relaxed mean labeling. In [4], we proved any path is a relaxed mean graph and 
ifm = 5, Ki,m is not a relaxed mean graph. We proved the bistar Bm» is a relaxed mean graph if 
|m—n| = 3. Also, we proved that combs are relaxed mean graph and C3 U P», is a relaxed mean graph 
for n = 2. In this paper, we prove any cycle is a relaxed mean graph; if n > 4, Ky is not a relaxed 
mean graph; K2,, is a relaxed mean graph for all n; any Triangular snake is a relaxed mean graph; 
any Quadrilateral snake is a relaxed mean graph; the graph P2 is a relaxed mean graph; Ly © Ki is a 
relaxed mean graph and Kf, + 2K2 is a relaxed mean graph for all n. Also, we prove Wa, is a relaxed 
mean graph; K2+ mK, is a relaxed mean graph for all m; If Gi and Gg are trees, then G = Gi U Ge 
is a relaxed mean graph; the planar grid PmxP, is a relaxed mean graph for m > 2, n > 2 and the 
prism Pm XC, is a relaxed mean graph for m > 2 and for all n > 3. The condition for a graph to be 


relaxed mean is that p = q+ 1 in [4]. 


1Received December 9, 2014, Accepted August 18, 2015. 


74 V.Maheswari, D.S.T.Ramesh and V.Balaji 


§2. Main Results 


Definition 2.1 A graph G = (V,E) with p vertices and q edges is said to be a Smarandache relaxed 
k-mean graph if there exists a function f from the vertex set of G to {0,1,2,3,--- ,q+1} such that in 
the induced map fx from the edge set of G to {1,2,3,--- ,q} defined by 

f(u) + fv) 


if f(u) + f(v) ts even 
Fele=w)= ) pw +f) +1 
2 


if f(u) + f(v) ts odd, then 


the resulting edge labels are distinct. Furthermore, such a graph is called a Smarandache relaxed k-mean 


graph if we replace 2 by k and f * (wv) by 


Ee +40) | | 


Theorem 2.2 Any cycle is a relaxed mean graph. 


Proof The proof is divided into two cases following. 


Case 1. Let n be odd. Let C, be a cycle uiu2--- unui. Define f: V(Cn) > {0,1,2,--- ,q=n} 
and q+1=n+1 by f(u) = 0; f(uz) =n +1; fu) =i-lfor2<i< —— 


at <j<n-1 


and f(u;) = j for 


Case 2. Let n be even. Let Cy be a cycle uiu2--- nui. Define f: V(Cn) > {0,1,2,---,q=n} 
and q+1=n+41 by f(u) = 0; fun) =n 4+ 1; fu) =i-1lfor2<i< Sand f(uj) = j for 
> +1<j<n-l. 

Therefore, the set of labels of the edges of C,, is {1,2,...,n}. Hence C,, is a relaxed mean graph. 


Theorem 2.3 [fn >4, Kn is not a relaxed mean graph. 


Proof Suppose n > 4, Kn is a relaxed mean graph. To get the edge label gq +1 = ma 2) 


+1, 
we must have q+ 1 and q — 2 as the vertex labels. Let u and v be the vertices whose vertex labels are 
q+1 and q-— 2 respectively. 

To get the edge label 1 we must have 0 and 1 as the vertex label (or) 0 and 2 as the vertex label. 
In either case 0 must be a label of some vertex. Let w be the vertex whose vertex label is 0. 
ince which should not happen. If g+1 


is odd and 0,1 are the vertex labels with labels wi having vertex label 1, then the edges uw and uw; 
q+2 


If g+1 is even, the edges uw and vw get the same label 


get the same label ; if q is odd and 0, 2 are the vertex labels with w; having vertex label 2, then 


q+2 


the edges uw and vwi get the same label which again should not happen. Hence K,, is not a 


relaxed mean graph for n > 4. 


Theorem 2.4 Kz, is a related mean graph for all n. 


Proof Let (V1, V2) be the bipartition of Ke,» with Vi= {u, v}, V2 = {u1, u2,--- , un}. Define 
f: V(Kan) — {0,1,2,...,q¢ = 2n} and q+1 = 2n+1 by f(u) = 1; f(v) = 2n +1; f(u1) = 0 and 
f(wi41) = 2i for l <ign-1. 
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The corresponding edge labels are as follows: 


The label of the edge uu; is 1. The label of the edge uuj+1 is i+ 1 for 1 <i<n-—1. The label 
of the edge vuj4i isn +i+1for1<i<n-—1. The label of the edge vu; is n+ 1. Hence Kz, is a 


relaxed mean graph for all n. 


Definition 2.5 A triangular snake is obtained from a path v1v2-+--Un by joining u; and vi+1 to a new 


vertex w; for1<i<n-— 1. That is, every edge of a path is replaced by a triangle C3. 
Theorem 2.6 Any triangular snake is a relaxed mean graph. 


Proof Let T, be a triangular snake. Define f: V(Tn) > {0, 1, 2,...,q=3n— 3} andq+1= 
3n — 2 by f(vi) = 3i-3 for 1 <i < n— 1 and f(v,) = 3n — 2; f(wi) = 3i — 1 for <i < n- 2 and 
f(vn-1) = 3n — 5. 

The corresponding edge labels are as follows: 

The labels of the edge vi_-1v; is 3i — 4 for 2 <i < n—1. The labels of the edge vn_1vm is 3n — 4. 


The labels of the edge wiv; is 3i — 2 for 1< i < n — 2. The labels of the edge wn_1vn-1 is 3n—5. The 
labels of the edge wi-1vi is 3i — 3 for 2 <i < n-1. The labels of the edge wn_1ivn is 3n — 3. Hence 


Tn is a relaxed mean graph. 


Definition 2.7 A quadrilateral snake is obtained from a path uju2...Un by joining ui, w+1 to new 
vertices ui, wi respectively and joining vi and w;. That is, every edge of a path is replaced by a cycle 
C4. 


Theorem 2.8 Any quadrilateral snake is a relared mean graph. 


Proof Let Qn denote a quadrilateral snake. Define f: V(Qn) > {0, 1, 2,...,q = 4n — 4} and q 
+1=4n — 3 by f(u;) = 4i — 4 for 1 <i < n—1 and f(un) = 4n — 3. f(vi) = 4i - 2 forl <i<gn- 
2 and f(vn-1) = 4n — 7. f(wi) = 4i — 1 for 1 <i <n — 2 and f(wy_1) = 4n — 6. 


The corresponding edge labels are as follows: 


The labels of the edge u;_-1u; is 4i — 6 for 2 <i < n—1 and un_-itm is 4n—5. The labels of the edge 
uvi is 41 — 3 for 1 <€ i <€ n = 2 and un—-iVn-1 is 4n — _ 7%. 
The labels of the edge ujziw; is 4i for 1 < i < n — 2 and unwn-1 is 4n — 4. 


The labels of the edge viw; is 4i-1 for 1 < i < n — 2 and vn_-iwn-i is 4n — 6. Hence Qn, is a 


relaxed mean graph. 


Definition 2.9 The square G? of a graph G has V(G?) = V(G) with u,v is adjacent in G? whenever 
d(u, v) < 2 in G. The powers G’, G*, ... of G are similarly defined. 


Theorem 2.10 The graph P2 is a relaxed mean graph. 


Proof Let uiuz...un be the path P,,. Clearly, p2 has n vertices and 2n—3 edges. Define f : V(P2) 
= {0, 1, 2 ..., q = 2n — 3} and q + 1 = 2n — 2° by 
f(u;) = 2i- 2 for l <i <n — 2; f(un_-1) = 2n — 5 and f(u,) = 2n — 2. 


The corresponding edge labels are as follows: 


The labels of the edge usui41 is 2i — 1 for 1 <i < n—- 2 and un-1u» is 2n — 3. The labels of the 


edge ujui+e2 is 2i for 1 < i < n -2. Hence p2 is a relaxed mean graph. 
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Definition 2.11 The graph ce denotes that the one point union of t copies of cycle Cy. The graph 
Cc is called a friendship graph or Dutch t-windmill. 


The graph c& is a relaxed mean graph. For instance, co! is shown in Fig.1. 


Fig.1 


Theorem 2.12 Let C, be the cycle uuz...tmu. Let G be a graph with V(G) = V(Ch) U {wi : 
1<i< n} and E(G) = E(C,) VU {ww , weiwi: 1< i < n}. Then G is a relaxed mean graph. 


Proof The proof is divided into two cases following. 


Case 1. nis odd. 


Define f : V(G) > {0,1,2,--- ,qg = 3n} and q+1 = 3n+1 by f(ui) = 3i—3 for 1 <i < (n—1)/2; 
f (wi) = 3i-1 for 1 <i < (n—1)/2; f(um4sys2) = (8n—-1)/2; f(umssy/2) = (82+9)/2; f(untsy/24i) = 
(8n + 9)/2 + 31+ 1 for 1 <i < (n— 3)/2; f(wirgiys2) = (824+ 7)/2; f(wintsy/2) = (8n + 5)/2 and 
f (wints)/24i) = (8n + 7)/2 + 32-1 for 1 <i < (n— 3)/2. Clearly, f is a relaxed mean labeling of G. 


Case 2. nis even and n > 8. 


Define f: V(G) > {0, 1, 2, ..., q = 3n} and q+ 1 = 3n + 1 by f(u1) = 3; f(u;) = 3i - 
4 for 2 <i < n/2; fAunsay41) = (8n/2) + 1; fatm~sey4i) = (Bn/2) — 24 3i for 2 cig @— 
4)/2; f(un-1) = 3n — 3; f(un) = 3n + 1; f(wi) = 0; f(we) = 7; f(wi) = 3i + 1 for 3 < i <(n 
a 2) /2; f(w(n/2)) => (3n = 2) /2; £(w(n/2) +1) => (3n + 12)/2; (wen /2)+i+1) = (3n + 12)/2 + 3i for 
1<i< (n- 8)/2; f(wn_2) = 3n — 4; f(wn_-1) = 3n — 5 and f(wn) = 3n — 2. 


Clearly, f is a relaxed mean labeling of G. Hence G is a relaxed mean graph. 


Theorem 2.13 Let Cy be the cycle wiue...Uru. Let G be a_ graph with 
V(G) = V(C,) and E(G) = E(C,) U {uus}. Then G is a related mean graph. 


Proof The proof is divided into two cases. 
Case 1. nis odd. 


Define f: V(Cn) > {0, 1, 2,...,q=n+1} andq+1=n + 2 by f(u1) = 0 and f(u,n) =n + 2. 
1 
Also, f(u;) = i for i= 2, 3; f(uj) =j +1 for — a <j<n-land f(ur) =k fork Fi,j. 


Case 2. n is even. 
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Define f: V(Cn) > {0, 1, 2,...,q=n+1}andq+1=n + 2 by f(u1) = 0 and f(u,) =n+ 2. 
Also, f(u;) = i for i = 2, 3 ; f(u,) =j+ for 5 <j<n-—land flu.) =k for k # i,j. 


Clearly, f is a relaxed mean labeling of G. 


Theorem 2.14 Let C,, be the cycle uruz2...tmui. Let G be a graph with V(G) = V(C,) and E(G) = 
E(C,) U {ugue}. Then G is a relaxed mean graph. 

Proof The proof is divided into two cases. 

Case 1. nis odd. 


Define f: V(C,) — {0, 1, 2,...,q=n+ 1} andq+1=n +4 2 by f(u1) = 0; f(u2) = 2 ; f(us) 
= land f(un) =n + 2. 
Also, f(us) = i+ 1 for 


a <i<n-land f(uj) =j4+1 fori Fj. 


Case 2. nis even. 

Define f: V(C,) — {0, 1, 2,...,q=n+ 1} andq+1=n +4 2 by f(u1) = 0; f(u2) = 2 ; f(ug 
= land f(un) =n + 2. 

Also, f(us) =i + 1 for <i<n-—land f(u;) =j4+1 fori Fj. 


Clearly, f is a relaxed mean labeling of G. Hence G is a relaxed mean graph. 


Definition 2.15 The graph Ln = Pn x Pi is called the ladder. 


We proceed to corona with ladder. 


Theorem 2.16 L, O Ki is a relaxed mean graph. 


Proof Let V(Ln) = {ai, bi : 1 <i < n} and E(Ln) = {abi: 1 <i<gn-— 1} U {aaa :1<i 
<n—-1U {bibigd: 1 <icgn-—If. 

Let c; be the pendent vertex adjacent to a; and let d; be the pendent vertex adjacent to b;. Define f: 
V(ln O Ki) > {0, 1, 2, ..., q = 5n — 2} and q + 1 = Sn —- 1 by 
f(ai) = 5i — 4 for 1 <i < n; f(b;) = 5i — 3 for 1 <i <n; f(c;) = 5i — 5 for 1 <i <n; f(dj) = 
5i — 2 forl <i< n-—1 and f(d,) = 5n —- 1. 


The corresponding edge labels are as follows: 


The labels of the edge cia; is 5i — 4 for 1 < i < n. The labels of the edge a,b; is 5i — 3 for 1 <i 
<n. The labels of the edge bid; is 5i — 2 for 1 < i < n. The labels of the edge ajai41 is 5i — 1 for 1 
<i<n-—1. The labels of the edge bib;+1 is 5i for 1 <i<gn-—1. 


Clearly, f is a relaxed mean labeling of G. Hence L, © Kyjis a relaxed mean graph. 


Definition 2.17 The graph Ki, +2Kg2 is the join of complement of the complete graph on n vertices 


and two disjoint copies of Kz. First we prove that Ki, +2K2 is a relaxed mean graph. 
Theorem 2.18 Kj, +2Ko2 is a relaxed mean graph for all n. 


Proof Let V (Kn) = {u1, uz, ..., unt}, V(2K2) = {u, v, w, z} and 
E (2K2) = {uv, wz}. 

Define f : V(Ki +2K2) — {0, 1, 2,...,q = 4n+2} and q+1 = 4n+3 by f(u) = 2, f(v) =0, 
f(w) =4n + 3, f(z) = 4nandf(uj) = 4i—1forl<i<n. 


The corresponding edge labels are as follows: 
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The label of the edge uv is 1. The label of the edge wz is 4n+ 2. The label of the edge uu; is 
2i+1forl < i < n. The label of the edge vu; is 2i for 1 < i < n. The label of the edge wu; is 
2n+2i+1forl < i < n. The label of the edge zu; is 2n + 2iforl < i < n. 


Hence Kf, + 2Kg is a relaxed mean graph for all n. 


The wheel Wy is the join of the graphs Cy and Ki. Next we investigate the relaxed mean labeling 
of the wheel Wn, = Cyn + K;. The wheel W3 = Ka is a relaxed mean graph. We investigate W, for 


any n, we take the casen = 4. 


Theorem 2.19 it W4 is a relaxed mean graph. 


Proof Suppose Wa, is a relaxed mean graph with labeling f. Let Wa = C4a+ Ki, where Cz is 
the cycle urugu3uau1 and V (Ki) = {u}. To get the edge label 1 either 0 and 1 or 0 and 2 are the 
vertex labels of adjacent vertices. To get the edge label 8, 9 and 6 must be the vertex label of adjacent 


vertices. Let 0 and 2 are the vertex labels of adjacent vertices. 


Then f(u)=6; f(ui)=0; f (ui41) = 2; f(ui4+2)=9 and f(ui43)=4 for some i, 1 <i < 4. 


Therefore, the induced edge labels are distinct. 


Clearly, f is a relaxed mean labeling of G. Hence W4 is a relaxed mean graph. 


Definition 2.20 Kz + mk, is the join of the graph Kz and m disjoint copies of Ki. Some authors call 


this graph a Book with triangular pages. We now investigate the relaxed mean labeling of K2 + mK. 
Theorem 2.21 Ko+ mk, ts a relaxed mean graph for all m. 


Proof Let u, v be the vertices of K2 and u1, uy, ..., u,,be the remaining vertices of K2+ mK ,. De- 
finef : V(Ke+ mK) — {0, 1, 2, .., q = 2m + lf}andq + 1 = 2m + 2byf(u) = 0,f(v) = 2m 4+ 2, 
f(uj) = 2iforl < i < m—1;f(u,,) = 2m—1. The label of the edge uu; is i for 1 < 
The label of the edge uv is m + 1. The label of the edge vu; ism + 1+ iforl < i < m—1. The 
label of the edge uum is m. The label of the edge vum is 2m + 1. Therefore the induced edge labels 


i<m-l. 


are distinct. 


Clearly, f is a relaxed mean labeling of G. Hence K2 + mK, is a relaxed mean graph. 


Theorem 2.22 If Gi and Go are trees, then G = Gi U Ga is a relaxed mean graph. 


Proof Let Gi = (pi, q,), G2 = (p2, q2) be the given trees and let G be a (p, q) graph. 
Therefore, p = p,; + py andq = q, + dg. Since G; and G2 are trees, qi =pi—landq2 = p,—l. 
Now, q+ l1=q,+4.+1 = py-1+ p.-14+ 1= pyt+p.—1= p—1. Whence, G = GiU 


Ge is a relaxed mean graph. 


Theorem 2.23 The planar grid PmxPy is a relaxed mean graph form > 2 andn > 2. 
Proof Let V(PmxPn) = {aij:1 < i <m,1 < j < n} and 


E (PmXPy) = {ajg—1aij:1 <igm2<cj< n} U { ag—1) jig: 2<i<cm1l<j 


& 
IN 
3 
mw 


Define f:V(PmxPn) — {0,1,2,....¢ = 2mn-—(m+4+n)} and gq+1= 2mn — (m+n -— 1) by 
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I (ais) f (@~-1)n) + (n-1) +5, 2< ig m1l<j<n. 

aij) = 

’ f (@G-1)n) + (n-1) +9 + Lif m and n are maximum 
The label of the edge aijaj(j41) is (@-— 1) (Q2n-1)+j forl<igcm,l<j<n-l. 
The label of the edge aija¢j41); is (2-1) + (@- 1) (Q2n—-1) +5 on l<i<m-l, 


l<j<n. 
Clearly, f is a relaxed mean labeling of G Hence Px Py is a relaxed mean graph for m > 2 and 
n> 2. 


Theorem 2.24 The prism PmxChn is a related mean graph for m > 2 and for all n > 3. 
Proof Let V (PmxXCn) ={aij:1 <i<gm,1<j <n} and 


BP axCy) = {ago ry Rt mm 2G <m} OL) {aay Ges 2 


< 
U {aii Gin: 1<i< 


Take 
2r if nis even 


2r +1 if nis odd 


Define f : V(PnxCrn) > {0, 1, 2, ..., ¢ 1 = (Qmn—n) + 1} by f (a1;) = 27 
for 1 <j <rand f (ain) = 0, Also, 


n—2j7 +2 ifnisodd for l<j<r 
f (a1 r4y) = 
l<j< 


n—2j + 1 if nis even for 


f (a3) = 2n + 2(j-1) forl<j<r4l 


3n—27 + 2 if nisodd for l<j<r 
f (a2 r+14s) 
38n—27 + 1 if nisevenfor l1<j<cr-1 
F .-m—ti ; 
f (@(2i-1) 5) = f(aij) +4n(¢-—1) for2<i< 5 ,l<j<n; 
: 1 
Also, f(a(ai-1)1) = f(ai1) + 5m for i = utes 
- +1 m+1 
f(@ai-n2) = f(ai2) + 5m + 2 for i= a and f (ay2i-1)3) = f (a13) + 5m + 1 for i= ge 
Ff (a(2i~2) 5) = f (aaj) +4n(i-—2) for3<igcm,1l<j<n. 
Clearly, f is a relaxed mean labeling of eae for m > 2, n > 3. Hence G is a relaxed mean 
graph. 
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Abstract: A set S C V[L(G)] is asplit geodetic set of L(G), if S is a geodetic set and (V — S) 
is disconnected. The split geodetic number of a line graph L(G), denoted by gs[L(G)] is the 
minimum cardinality of a split geodetic set of L(G). In this paper we obtain the split geodetic 
number of line graph of any graph. Also obtain many bounds on split geodetic number in 
terms of elements of G and covering number of G. We also investigate the relationship 


between split geodetic number and geodetic number. 
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§1. Introduction 


In this paper we follow the notations of [3]. As usual n = |V| and m = |E| denote the number of 
vertices and edges of a graph G respectively. The graphs considered here have at least one component 
which is not complete or at least two non trivial components. 

For any graph G(V, E), the line graph L(G) whose vertices correspond to the edges of G and two 
vertices in L(G) are adjacent if and only if the corresponding edges in G are adjacent. The distance 
d(u,v) between two vertices u and v in a connected graph G is the length of a shortest u — v path in 
G. It is well known that this distance is a metric on the vertex set V(G). For a vertex vu of G, the 
eccentricity e(v) is the distance between v and a vertex farthest from v. The minimum eccentricity 
among the vertices of G is radius, rad G, and the maximum eccentricity is the diameter, diam G. A 
u—v path of length d(u,v) is called a wu —v geodesic. We define I[u,v] to the set (interval) of all 
uves tt, vy}. 


A set S' of vertices of G is called a geodetic set in G if I[S] = V(G), and a geodetic set of minimum 


vertices lying on some u— v geodesic of G and for a nonempty subset S of V(G), I[S] =U 


cardinality is a minimum geodetic set. The cardinality of a minimum geodetic set in G is called the 
geodetic number of G, and we denote it by g(G). 

Split geodetic number of a graph was studied by in [5]. A Smarandache k-split geodetic set S 
of a graph G = (V, E) is such a split geodetic set that the induced subgraph (V — S) is k-connected. 
Particularly, if k = 0, such a split geodetic set is called a split geodetic set S of a graph G. The split 


geodetic number gs(G) of G is the minimum cardinality of a split geodetic set. Geodetic number of a 
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line graph was studied by in [4]. Geodetic number of a line graph L(G) of G is a set S’ of vertices of 
L(G) = H is called the geodetic set in H if I(S ‘) = V(#) and a geodetic set of minimum cardinality is 
the geodetic number of L(G) and is denoted by g[L(G)]. Now we define split geodetic number of a line 
graph. A set S " of vertices of L(G) = H is called the split geodetic set in H if the induced subgraph 
V(H)-S " is disconnected and a split geodetic set of minimum cardinality is the split geodetic number 
of L(G) and is denoted by gs[L(G)]. 

A vertex v is an extreme vertex in a graph G, if the subgraph induced by its neighbors is complete. 
A vertex cover in a graph G is a set of vertices that covers all edges of G. The minimum number of 
vertices in a vertex cover of G is the vertex covering number ao(G) of G. An edge cover of a graph 
G without isolated vertices is a set of edges of G that covers all the vertices of G. The edge covering 


number ai(G) of a graph G is the minimum cardinality of an edge cover of G. 


For terminologies and notations not mentioned here, we follow references [2] and [3]. 


§2. Preliminary Notes 


We need results following for proving results in this paper. 


Theorem 2.1([1]) Every geodetic set of a graph contains its extreme vertices. 
Theorem 2.2((5]) For cycle Cy, of order n > 3, 


2 if n is even 


9s(Cn) = aw 
3 if n is odd. 
Theorem 2.3(({1]) Let G be a connected graph of order at least 3. If G contains a minimum geodetic 
set S with a vertex x such that every vertex of G lies on some x — w geodesic in G for some w € S, 
then g(G) = g(G x Ka). 


Proposition 2.4 For any graph G, g(G) < gs(G). 


Proposition 2.5 For any tree T of order n and number of cut vertices c; then the number of end edges 


1s N — Cj. 


§3. Main Results 


Theorem 3.1 For any tree T with k end edges and c; be the number of cut vertices, having more than 


three internal vertices, gs[L(T)] =n —c +1. 


Proof Let S be the set of all extreme vertices of a line graph L(T) of a tree T. Let v; be a cut 
vertex in V—S and S' = SU {vi}. By Theorem 2.1, gs[L(T)] => "|. On the other hand, for an 
internal vertex v of L(T), there exists x,y of L(T) such that v lies on a unique x — y geodesic in L(T). 
The corresponding end edges of T are the extreme vertices of L(T) and the induced subgraph V — S$ "is 
disconnected. Thus gs[L(T)] < |S’ |. Also, every split geodetic set S$, of L(T) must contain S’ which is 
the unique minimum split geodetic set. Thus |s"| =|S,| =k+1. By Proposition 2.5, |Si1] =n—-—c@ +1. 
Hence, gs[L(T)} =n—ca@ +1. 
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Corollary 3.2 For any path Py, n > 6, gs[L(Pn)] = 3. 


Proof Clearly, the set of two end vertices of a path P, is its unique geodetic set. From Theorem 


3.1, the results follows. 


Proposition 3.3 Line graph of a cycle is again a cycle of same order. 
Theorem 3.4 For cycle C, of order n > 3, 


2 if n is even 


3 if n is odd. 


9s[L(Cn)] = 


Proof The result follows from Proposition 3.3 and Theorem 2.2. 


Theorem 3.5 For the wheel Wn = Ki + Cn-1 (n> 6), 


—42 if n is even 


+2 if n is odd. 


Proof Let Wn = Ki+Cn-i(n > 6) and let V(W,,) = {x, v1, v2,--+ ,Un—1}, where deg(x) = n—1> 
3 and deg(vi) = 3 for each i € {1,2,--- ,n—1}. Now U = {u1,u2,--- , uj} are the vertices of L(Wn) 
formed from edges of Cy-1, i.e., U C V[L(W,)| and Y = {y1, y2,--- , yj} are the vertices of L(Wn) 
formed from internal edges of W,. Thus, Y C V[L(W,,)]. We consider the following cases. 


Case 1. 1n is even. 


Let H CU. Now S = HU {y;} forms a minimum geodetic set of L(W,,). Let P = {pi,p2,--- , pi} 
be the vertices of V[L(W,,)] — S. Clearly, SU {pi,px} forms a minimum split geodetic set of L(Wn) 
and |S U {pi, pr }| = + +2. Therefore, gs[L(Wn)] = + +2. 


Case 2. 1 is odd. 


Let H C U, now S = HU {y;,y;-1} forms a minimum geodetic set of L(Wn). Let P = 


{pi,p2,-+- ,pi} be the vertices of V[L(Wn)| — S. Now SU {p;, p,} forms a minimum split geodetic set 
1 1 
of L(W,,). Clearly, |S U {pi, pe}| = a +2. Therefore, gs[L(Wn)] = — + 2. 


As an immediate consequence of the above theorem we have the following. 


Corollary 3.6 For the wheel Wn = Ki + Cn-1 (n> 6), 


A+6 ‘ ; 

a if n is even 
gelL(Wall=4 2 544 

ye if n is odd. 


Proof Minimum degree(6) of L(Wn) is equal to 4 and maximum degree(A) of L(W,,) is equal to 


n. i,e number of vertices in Wy. 


Case 1. 1n is even. 
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We have known from Case 1 of Theorem 3.5 that 


glLWo)] = 542 
gelL(Wa)] = AE 
golE(Wy)] = SASH 

Case 2. 1 is odd. 

We have known from Case 2 of Theorem 3.5 that 
glL(Wn)] = “Ee +2 
golL(Wa)] = SESSA 
ge[LWo)} = SAPER 


Theorem 3.7 For the wheel Wn = Ki + Cn-1 (n > 6), gs[L(Wn)] + g[L(W2)] < m. 


Proof Let U = {u1,u2,--- ,uj} C V[L(W,2)] be the set of vertices formed from edges of Cp,—1 and 
Y = {y1,y2,--- ys} C V[L(Wn) be the set of vertices formed from internal edges of W,. Consider S = 
HUf{y;}, where H C U forms a minimum geodetic set of L(Wn). Furthermore, if P = {pi,p2,--- , pi} is 
the set of vertices of V[L(W,,)|—S, then S = SU{p1, pm} forms a minimum split geodetic set of L(W,). 
Notice that V[L(G)] = E(G) =m. It follows that s"| U|S| <m. Thus, gs[L(Wn)] + g[L(Wn)] < m. 


Theorem 3.8 For a tree T with more than three internal vertices, gs[L(T)] > m-—ai+1, where ai 


is the edge covering number. 


Proof Suppose S = {e1,e2,--- ,ex} to be the set of all end edges in T. Then SU J, where 
J C E(T)—S is the minimal set of edges which covers all the vertices of T such that |S UJ| = ai(T). 
Without loss of generality, let J = {u1,u2,--- ,un} C V[L(T)] be the set of vertices in L(T’) formed by 
the end edges in T. Suppose H = {ui,w2,--- ,ui} C V[L(T)] — I. Then IU {ui} forms a minimum 
split geodetic set of L(T), where each u; € H with deg > 2. Clearly, it follows that |I U {ui}| > 
|E(T)| —|SUJ|+1. Therefore, gs[L(L)] > m—ai(T) +1. 


Theorem 3.9 If every non end vertex of a tree T with more than three internal vertex is adjacent to 


at least one end vertex, then gs[L(T)] >n—k, where k is the number of end vertices in T. 


Proof Let S’ = {v1,v2,-++ , ve} be the set of all end vertices in T with S| =k. Without loss 
of generality, let every end edge of T be the extreme vertices of L(T’). Suppose L(T’) does not contain 
any end vertex. Then S = IU {u;}, where I = {u1,u2,--- , us} C V[L(T)] and u; € V[L(T)] — J with 
deg > 2 forms a minimum split geodetic set of L(T). Furthermore, if L(T) contain at least one end 
vertex vj, then the set SU {vi} forms a minimum split geodetic set of L(T’). Therefore, we obtain 
|SU{u}| >n—- |S" |. Clearly it follows that gs[L(T)] >n-—k. 


Theorem 3.10 For any connected graph G of order n, gs(G) + gs|L(G)] < 2n. 


Proof Let S = {v1,v2,-+- ,un} C V(G) be the minimum split geodetic set of G. Now without 
loss of generality, if F = {ui,u2,--- ,ux} is the set of all end vertices in L(G), then F U H, where 
H CV{L(G)] — F forms a minimum split geodetic set of L(G). Since each vertex in L(G) corresponds 
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to two adjacent vertices of G, it follows that |S|U|F UH| < 2n. Therefore g,(G) + gs[L(G)] < 2n. 


Theorem 3.11 Let G be a connected graph of order n with diameter d > 4. Then gs[L(G)| < n—d+2. 


Proof Let uw and v be vertices of L(G) for which d(u,v) = d and let wu = vo, v1,:+: ,va = V 
be the u — v path of length d. Now let S = V[L(G)] — {v1, v2,--- ,va-i1}. Then I(S) = V[L(G)], 
V[L(G)] — (SU {v2}) is disconnected and gs[L(G)] < |S] =n-—d+2. 


Theorem 3.12 For any integers r,s > 2, gs[L(Kr,s)] < rs. 


Proof Notice that the diameter of L(K;,;) is 2 and the number of vertices in L(Ky,s) is rs. By 
Theorem 3.11, gs[L(G)] < n—d+2. Now we have gs[L(K;,s)] < rs—2+2. Therefore, gs[L(K;r,s)] < rs. 


Theorem 3.13 For any integer n > 4, gs[L(Kn)|] < ao 


Proof Let n > 4 be the vertices of the given graph Ky, with diameter d. Since diameter of L(Kn) 


is 2 and the number of vertices in L(Kn) is cen By Theorem 3.11, gs[L(G)] <n—d+2. We 
have : F 
golL(Kn)] < @PLD 9 42 g.[b(Ky)] < MOLY. 
Theorem 3.14 For any cycle Cy, with n = 0(mod2), gs[L(Cn)] = a G y’ where ao is the vertex 
Olen 


covering number. 


Proof Let n > 3 be number of vertices which is even and let ag be the vertex covering number 


of C,. By Theorem 3.4, gs[L(Cn)] = 2. Also, for even cycle, the vertex covering number ao(Cn) = 
n n 
H 3|L(C,)| = 2 = — = ———— 
ence gs[L(Cn)] fd ale) 
n+1 
Theorem 3.15 For any cycle C, with n = 1(mod2), gs[L(Cn)] = ean) +1, where ao is the vertex 
0) n 


covering number. 


Proof Let n > 3 be the number of vertices which is odd and let ao be the vertex covering number 


of Cn. By Theorem 3.4, gs[L(Cn)] = 3. Also, for odd cycle, vertex covering number ao(Cn) = a - a 
n+1 
Hence gs/L(Cn)| =2+1= +41. 
gol (Cn) Ae 


§4. Adding an End Edge 


For an edge e = (u,v) of a graph G with deg(u) = 1 and deg(v) > 1, we call e an end-edge and u an 
end-vertex. 


Theorem 4.1 Let G' be the graph obtained by adding k end edges {(u, v1), (u, v2),-++ ,(U, vr) } to a 
cycle Cn = G of order n > 3, withu € G and {v1,v2,--+ , vr} € G. Then gs[L(G )| =k+2. 


Proof Let {e1,¢€2,--- ,€n,e1} be edges on a cycle of order n and let G’ be the graph obtained 
from G = Cy by adding end edges (u, vi), i = 1,2,--- ,k such that u € G but uv; ¢ G. 
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Case 1. 1 is even. 


By definition, Le has (Kx42) as an induced subgraph. Also the edges (u, vi), i = 1,2,--- ,k 
becomes vertices of DOG) and it belongs to some geodetic set of L(G). Hence {e1, €2,--+ ,€k,€1, Em} 
are the vertices of Le) where €7, €m are the edges incident on the antipodal vertex of u in G and these 
vertices belongs to some geodetic set of L(G). L(G) = Cy U Keye. LetS = {e1,€2,--+ , ek, €1,€m} be 
the geodetic set. Suppose P = {e1, €2,--- ,ex} is the set of vertices of L(G’) such that |P| < |S|. Then, 
P is not a geodetic set of TG Y. Clearly, S is the minimum geodetic set. Since V — S is disconnected 


S is the minimum split geodetic set. Therefore gs[L(Can)] = k+ 2. 
Case 2. 1 is odd. 


By definition, L(@) has (K,42) as an induced subgraph, also the edges (u, vi) = {e1, €2,--+ , ex} 
becomes vertices of LG}: Let e; = (a,b) € G such that d(u, a) = d(u, b) in the graph TG: and let 
S = {e1,e2,--- ,er, ei} be the geodetic set. Now oo {em} is a split geodetic set, where em is 
the vertex from V — S with deg > 2. It is clear that S is the minimum split geodetic set. Therefore 
gs[L(Can41)] =k + 2. 


Theorem 4.2 Let G’ be the graph obtained by adding end edge (ui,v;), i= 1,2,--- ,n, 7 =1,2,--- ,k 
to each vertex of G= Cr of order n > 3 such that ui € G, v3 € G. Then gs(L(G )] =k+2. 


Proof Let {e1,e2,:-: ,€n,e1} be edges on a cycle G = Cy and let G be the graph obtained by 
adding end edge (ui, v;),2 = 1,2,--- ,n, 7 =1,2,--- ,k to each vertex of G such that u; € G but v; ¢ G. 
Clearly, k be the number of end vertices of a. By definition, EG ) have n copies of K3 as an induced 


subgraph. The edges (ui, vj) = e; for all j becomes k vertices of IG} and those lies on geodetic set of 


L(G). They form the extreme vertices of L(G By Theorem 2.1 S = {e1,e2,:-- ,e,} forms a geodetic 
set. Now consider any two vertices {e1,€m} € V—S which are not adjacent. Ss = {e1, €2,°++ ,€k,€1, em} 
forms a split geodetic set of LG): Suppose P = {e1, €2,--- , ex, e1} is the set of vertices of Lie} such 


that |P| < |S" |. Then, V — P is connected. Hence it is clear that S’ is the minimum split geodetic set 
of ne. There fore gs Raceny =k+2. 


§5. Cartesian Product 


The Cartesian product of the graphs H; and Hoe, written as Hi x Ho, is the graph with vertex set 
V(A1) x V(H2), two vertices ui, u2 and v1, v2 being adjacent in H, x Hoe if and only if either u1 = v1 
and (w2,v2) € E(A2), or w2 = v2 and (wi, v1) € E(M1). 


Theorem 5.1 For any path P, of order n, 


2: forn=2 
gs[L(K2 x Pr)l= 4 3 forn=3 
4 for n > 3. 


Proof Let K2 x Py be formed from two copies of Gi and G2 of P,. Now, L(K2 x Pn) formed from 
two copies of G..Gs of L(P,). And let U = {u1,u2,--+ ,Un-1} € ViGs); W = {w1,we,--+ ,Wn-i} € 
VIG): We have the following cases. 
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Case 1. If n= 2, by the definition L(K2 x Pz) = Kz x P2. By Theorem 2.3, 


gs[L(K2 x P2)] = g/L (Ke x P2)| = g(P2) = 2. 


Case 2. If n= 3, L(K2 x P3) is formed from two copies of P. Clearly, gs[L(K2 x P3)| = 3. 


Case 3. If n > 3, let S be the split geodetic set of L(K2 x Py). We claim that S contains 
two elements (end vertices) from each set {ui,Un—1,W1i,Wn-1} and V — S is disconnected. Since 
I(S) = V[L(Ke x Pp)], it follows that gs[L(K2 x Pr)| < 4. It remains to show that if S' is a three 
element subset of V[L(K2 x P,)], then I(S‘) # V[L(Ke2 x P,)]. First assume that S’ is a subset U or 
W, say the former. Then I(S') = S' UW#V. Therefore, we may take that S’ NU = {ui, uj} and 
Snw= {wi}. Then 


I(S') = {ui,uj} UW A V[L(Ko x P)). 
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Abstract: A graph G with p vertices and q edges is said to have skolem difference odd mean 
labeling if there exists an injective function f : V(G) — {1,2,3,--- ,4q — 1} such that the 
induced map f* : E(G) > {1,3,5,--- ,2q¢ — 1} defined by 


[fu = FI if | f(w) — f(v)| is even 
Fee Brecon de Feo = 
SS EC) | ao 


is a bijection. A graph that admits skolem difference odd mean labeling is called a skolem 
difference odd mean graph. Here we investigate skolem difference odd mean behaviour of 


some standard graphs. 
Key Words: Labeling, skolem difference odd mean graph, Smarandache k-mean graph. 
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§1. Introduction 


Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, FE) be a 
graph with p vertices and q edges. For notations and terminology we follow [1]. 

Path on n vertices is denoted by P, and a cycle on n vertices is denoted by Cn. A graph G = (V, F) 
is called bipartite if V = Vi U V2 with ¢ = Vi N V2, and every edge of G is of the form {u,v} with 
u € Vi and v € Vs. If each vertex in V; is joined with every vertex in V2, we have a complete bipartite 
graph. In this case |Vi| = m and |V2| = n, the graph is denoted by Km,n. The complete bipartite graph 
Ki,n is called a star graph and it is denoted by S,,. The bistar Bm,n is the graph obtained from K2 by 
identifying the center vertices of K1,m and Kyi, at the end vertices of K2 respectively. Bm,m is often 
denoted by B(m). 

A quadrilateral snake Q,, is obtained from a path wi, u2,--- ,Un+1 by joining u; and u;+1 to new 
vertices uv; and w; respectively and joining v; and wi, 1 <i <n, that is, every edge of a path is replaced 
by a cycle C4. The corona of a graph G on p vertices v1, v2,--- ,Up is the graph obtained from G by 
adding p new vertices u1, U2,--- , Up and the new edges u;v; for 1 < i < p. The corona of G is denoted by 
Go k1. The graph P, © Ki is called a comb. Let Gi and G2 be any two graphs with p, and pe vertices 
respectively. Then the cartesian product G1 x G2 has pip2 vertices which are {(u, v)/u € Gi, v € Go}. 
The edge set of G1 x G2 is obtained as follows: (ui, v1) and (u2, v2) are adjacent in Gi x Go if either 
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u1 = u2 and v; and v2 are adjacent in Gz or ui and uz are adjacent in Gi and v1 = ve. The product 
Pm X Pn is called a planar grid and P, x P>2 is called a ladder, denoted by L,. The graph P2 x P2 x P2 
is called a cube and is denoted by Qs. A dragon is a graph formed by joining the end vertex of a path 
to a vertex of the cycle. 

The concept of mean labeling was introduced and studied by S. Somasundaram and R. Ponraj [5]. 
Some new families of mean graphs are studied by S.K. Vaidya et al. [10]. Further some more results on 
mean graphs are discussed in [4,6,7]. A graph G is said to be a mean graph if there exists an injective 
function f from V(G) to {0,1,2,--- ,q} such that the induced map f* from E(G) to {1, 2,3,--- ,q} 
defined by f*(uv) = | Ae | is a bijection. Furthermore, if f* is defined by f*(uv) = [eee | 
for an integer k > 2 hold with previous properties, then G is called a Smarandache k-mean graph. 

In [2], K. Manickam and M. Marudai introduced odd mean labeling of a graph. A graph G is said 
to be odd mean if there exists an injective function f from V(G) to {0,1,2,3,--- ,2q¢ — 1} such that 
the induced map f* from E(G) to {1,3,5,--- ,2q— 1} defined by f*(uv) = [ee] is a bijection. 
Some more results on odd mean graphs are discussed in [8,9]. 

The concept of skolem difference mean labeling was introduced and studied by K. Murugan and A. 
Subramanian [3]. A graph G = (V, E) with p vertices and q edges is said to have skolem difference mean 
labeling if it is possible to label the vertices x € V with distinct elements f(a) from 1,2,3--- ,p+q in 


Wee Hell) and the resulting labels of the edges 


such a way that for each edge e = uv, let f*(e) = | 
are distinct and are from 1, 2,3,--- ,g. A graph that admits a skolem difference mean labeling is called 
a skolem difference mean graph. It motivates us to define a new concept called skolem difference odd 
mean labeling. 

A graph with p vertices and q edges is said to have a skolem difference odd mean labeling if there 
exists an injective function f : V(G) — {1,2,3,--- ,4q — 1} such that the induced map f* : E(G) > 
{1,3,5,--- ,2q — 1} defined by f*(uv) = [ ed fen| is a bijection. A graph that admits a skolem 
difference odd mean labeling is called a skolem difference odd mean graph. 


For example, a skolem difference odd mean labeling of cube Q3 shown in Fig.1. 


Fig.1 
In this paper, we prove that the path P,, the cycle C,, for n > 4, Kmn(m > 1,n > 1), the bistar 


Bmn for m > 1,n > 1, the quadrilateral snake Qn, the ladder Ln, Ln © Ki and Kin © Ky forn> 1 


are skolem difference odd mean graphs. 


§2. Skolem Difference Odd Mean Graphs 


Theorem 2.1 Any path is a skolem difference odd mean graph. 


Proof Let u1,u2,...,Un be the vertices of the path P,. Define f : V(P,) > {1,2,3,--- ,4g-—1= 
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4n — 5} as follows: 


f(uai-1) = 43 — 8, 1<i< [5] 
f(us:) =4n — 44-1, 1<i<|3| 


The label of the edge ujui+1 is 2n — 24-1, 1 <i < n—1. Hence, P, is a skolem difference odd 
mean graph. 


For example, a skolem difference odd mean labeling of Pgs and Pi; are shown in Fig.2. 
oe —__r——__+—__+—__+—__+—_* 
1 PAG 5 23 9 19 13 15 


oer. _+—__+——___+___+—___#+—__e—_* 
1 39 5 35 9 31 13 27 17 23 21 
Fig.2 


Theorem 2.2 Cycle Cy is a skolem difference odd mean graph for n > 4. 


Proof Let u1,u2,--: , Un be the vertices of the cycle C,,. Define f : V(Cn) > {1,2,3,--- ,4qg-—1= 
4n — 1} as follows: 


Case 1. n= O0(mod 4) 


21 — 1, 1<i<n and i is odd, 
f(u) = 4 4n— 2143, 1<i< 4 and i is even, 
4n — 21-1, nt4 < j <n and i is even. 


For the vertex labeling f, the induced edge labeling f* is given as follows: 


: 2n — 21+1, 1<i<f 
f* (witiys) = 
2n — 2-1, nt? <i<n-1 
and f' (unui) =n-1. 
Case 2. n= 1(mod 4) 
21 — 1, 1<i<n-—2 andi is odd 
Hus) 4n — 24 +3, 1<i< >} and i is even 
Ui) = 
4n — 21-1, nts <i<n-—1 andi is even 
2n, 1=nN. 


For the vertex labeling f, the induced edge labeling f* is obtained as follows: 


eg In —2%+1, 1<i< 
f° (uiti41) = ae 
2n — 22-1, oe <i<n-l1l 


and f' (unt) =n. 


Case 3. n= 2(mod 4) 
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21 — 1, 1<i< $ andi is odd 

2 +3, ntt <4 <n-—1 and i is odd, 
F(us) = oe a 

4n — 24+ 3, 1<i<n-—2 and 17 is even, 

2n —1, 1=N. 


For the vertex labeling f, the induced edge labeling f* is given as follows: 


7 2n — 21+1, 1<i<¢ 
f° (uii41) = 
2n — 2-1, nt? <i<n-1 
and f' (unui) =n-1. 
Case 4. n= 3(mod 4) 
21 — 1, 1<i<n-—4 andi is odd 
2n — 4, t=n-—2 
4n — 2, 1=n 
f(ui) = Z ms 
4n — 21-1, 1<i< = andi is even 


2 
4n-2i-5, 2H <i<n-—3 andi is even 


2n — 2, t=n-1. 


For the vertex labeling f, the induced edge labeling f* is obtained as follows: 


2n — 21-1, 1<i< 
f* (witig1) =< In — 2% - 3, not <i<n-2 
n, t=n-1. 
and f* (unui) = 2n-1. 


Then, f is a skolem difference odd mean labeling. Thus, C, for n > 4 is a skolem difference odd mean 
graph. 


For example, a skolem difference odd mean labeling of Ci2 and C11 are shown in Fig.3. 


23 1 1 
47 39 
42 
21 
5 5 
27 43 20 a0 
17 9 18 9 
o1 23 
13 39 13 27 
Ci2 Ci 


Fig.3 
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Theorem 2.3 Every complete bipartite graph Kmjn(m > 1,n > 1) is a skolem difference odd mean 
graph. 


Proof Let V = Vi U V2 where Vi = {u1, u2,--: ,Um} and V2 = {v1,v2,--- , Un}. The graph Km,n 
has m + n vertices and mn edges. Define f : V(Kmjn) — {1,2,3,--+ ,4q— 1 = 4mn — 1} as follows: 


IA 


1<m 


f(v;) = 4mn — 4m(j — 1) — 1, 1 


IA 


jen 


For the vertex labeling f, the induced edge label f* is obtained as f*(uivj;) = 2mn — 214 1 
2m(j —1),1 <i<m,1<j<n. Then, f gives a skolem difference odd mean labeling. Hence, Km,n is 


a skolem difference odd mean graph for all m > 1,n > 1. 


For example, a skolem difference odd mean labeling of K4,5 is shown in Fig.4. 


Corollary 2.4 By taking m = 1, in the proof of the above theorem, we get a star graph Kin and it is 


a skolem difference odd mean graph. 
Theorem 2.5 The bistar Bnjn is a skolem difference odd mean graph form > 1,n > 1. 


Proof Let V(K2) = {u,v} and ui(1 < i < m), vj(1 < j < n) be the vertices adjacent to u and v 
respectively. Define f : V(Bm,n) — {1,2,--+ ,4qg— 1 = 4(m +n) + 3} by 


fu) =1, 

f(v) = 4(m + n) +3, 
f(w) =4i-1, 1<i<m, 
f(yj)=47+1, 1<j<n 


The induced edge labels are given as follows: 


f* (uv) = 2m +2n +1, 
f*(uui) =2i-1, 1<i<m 


ff (vvj) =2m4+2n-2j4+1, 1<j<n. 


Then, f is a skolem difference odd mean labeling and hence Bm» is a skolem difference odd mean 


graph for all m>1,n> 1. 


For example, a skolem difference odd mean labeling of Ba,7 is shown in Fig.5. 
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47 


Fig.5 


Theorem 2.6 A quadrilateral snake is a skolem difference odd mean graph. 


Proof Let Qn denote the quadrilateral snake obtained from wi, u2,...,Un+1 by joining uz, ui+1 to 
new vertices v;, wi respectively and joining v; and wi,1 <7i<n. The graph Q,, has 3n+1 vertices and 
4n edges. We define f : V(Qn) — {1, 2,3,--- ,4qg — 1 = 16n — 1} as follows: 


61 — 5, 1<i<n+1 and i is odd 
f(us) = 7 

16n — 102 + 11, 1<i<n+1 and 7 is even 

16n — 107 + 9, 1<i<n and iis odd 
PONS % * 

61 — 3, 1<i<n and 17 is even 

6i — 1, 1<i<n and iis odd 
F(wi) = . ua 

16n — 102 + 3, 1<i<n and 7 is even. 


The induced edge labels are given by 


‘ 8n — 81+ 3, 1<i<nand 17 is odd 
f° (uitiys) = 
8n — 81 +5, 1<i<nand 17 is even 
7 8n — 81 +5, 1<i<nand 17 is odd 
f*(wiwi) = ; + 
8n — 81+ 3, 1<i<7nand 17 is even 


ff (uivi) = 8n-8i+7, 1<i<nand 
f* (uiwi-1) = 8n—-81+9, 2<i<n+l. 


Thus, f is a skolem difference odd mean labeling and hence Q, is a skolem difference odd mean 


graph. 


For example, a skolem difference odd mean labeling of Qs is shown in Fig.6. 


79 5 9 63 59 17 21 a3 39 22. 


Fig.6 


Theorem 2.7 The ladder Ly, = Pn xX Ke is a skolem difference odd mean graph. 
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Proof Let u1,u2,--: ,Un and v1,v2,--+ ,Un be the vertices of LZ, and E(Ln) = {ui : 1 <i< 
n}U{uiuig1 :1 <i < n-lUf{uviqad :1<i<n-—-1}. Define f : V(Ln) > {1, 2,3,--- ,4q—1 = 12n-9} 


as follows: 


4i — 3, 1<i<nand iis odd 
f(us) = ea 

12n — 8 — 1, 1<i<n and 7 is even 

12n — 8 — 1, 1<i<nand iis odd 
f(vi) = ; ; a3 

4i — 3, 1<i<n and 17 is even. 


For the vertex labeling f, the induced edge labeling f* is given as follows: 


f' (uivi) =6n-6i+1, 1l<i<n 


2 6n — 62 — 3, 1<i<n-—1 andi is odd 
PP (witisi) = 

6n — 62 — 1, 1<i<n-—1 andi is even 

b 6n — 62 — 1, 1<i<n-—1 andi is odd 
SP (vivita) = 

6n — 62 — 3, 1<i<n-—1 and 7 is even. 


Then, f is a skolem difference odd mean labeling and hence L,, is a skolem difference odd mean 


graph. 


For example, a skolem difference odd mean labeling of Lg = Pg x K2 is shown in Fig.7. 


1 79 9 63 17 47 25 31 
87 5 71 13 55 21 39 29 
Fig.7 


Theorem 2.8 L,, © Ki is a skolem difference odd mean graph. 


Proof Let Ly be the ladder. Let G be the graph obtained by joining a pendant edge to each vertex 
of the ladder. let ui,u2,--: ,Un and v1, v2,-:- ,Un be the vertices of the ladder. For 1 < i <n, let ui, 
and v; be the new vertices made adjacent with u; and vu; respectively. The graph G has 4n vertices 


and 5n — 2 edges. 
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Define f : V(G) > {1,2,--- ,4qg — 1 = 20n — 9} by 


20n — 81 — 1, 
f(ui) = 
127 — 7, 
127 — 7, 
f(u) = 
20n — 81 — 1, 
: 12: — 11, 
f (uj = 
20n — 81 — 5, 
; 20n — 81 — 5, 
f(v;) = 
121-11 


1<i<n and iis odd 


1<i<nand iis even 
1<i<nand iis odd 
1<i<nand iis even 
1<i<nand iis odd 
1<i<nand iis even 


1<i<nand iis odd 


1<i<n and i is even 


For the vertex labeling f, the induced edge labeling f* is obtained as follows: 


re 10n — 10i — 3, 
UiUi41) = 

10n — 10i — 1, 

re 10n — 101 — 1, 
UVUiVi41) = 

10n — 10i — 3, 

Pun! 10n — 101 + 5, 
UiU;) = 

10n — 10i +1, 

Foi! 10n — 101 +1, 
UiV;) = 

10n — 10i +5, 


1<i<n-—1 and i is odd 
1<i<n-—1 and iis even 
1<i<n-—1 and iis odd 
1<i<n-—1 and iis even 
1<i<n and i is odd 
1<i<n and iis even 


1<i<n and i is odd 


1<i<n and i is even. 


Thus, Ln © Ky is a skolem difference odd mean labeling and hence L, © Ky is a skolem difference odd 


mean graph. 


For example, a skolem difference odd mean labeling of L7 © Ky, is shown in Fig.8. 


at 119 25 


131 


127 
13 111 


103 AQ 87 73 


37 95 61 79 


Fig.8 


Theorem 2.9 Let the path Gi = (pi,qi) and the star G2 = (p2,q2) have skolem difference odd mean 
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labeling f and g respectively. Let u be the end verter of Gi and v be the central verter of G2 such 
that f(u) =1 and g(v) =1. Then the graph (G1) s * (G2)g obtained from G1 and G2 by identifying the 


vertices u and v is also skolem difference odd mean. 


Proof Let V(Gi) = {u, ui: 1<i< pi —1} and V(G2) = {v, vi: 1 <i < pe —1}. Then the graph 
(Gi) ¢ * (G2)g has pi + po — 1 vertices and qi + qo edges. 
Define h : V((G1) ¢ * (G2)g) — {1, 2,3,--+ ,4(q1 + q2) — 1} as follows: 


h(u) = f(u) = g(v) and 
h(vi) = g(vi) +2(p1 +4 — 1), 1 Si <po-1. 


Then the induced edge labels of G; are 1,3,5,...,2q: — 1 and that of G2 are 
qi + 1,2q1 + 3,+++ ,2(q1 +92) — 1. 


Hence, the graph (G1) ¢* (G2) obtained from G and G2 by identifying the vertices u and v is a skolem 


difference odd mean graph. 


For example, a skolem difference odd mean labeling of G1,G2 and Gi * G2 are shown in Fig.9. 


1 1g 5 15 9 Ll 


G1: Ps 


3 7 11 15 19 23 


93 27 31 35 39 43 
G1 * Go 


Fig.9 
Theorem 2.10 The graph Ki,n © Ki is skolem difference odd mean for all n > 1. 


Proof Let G be the graph K1,, © Ky obtained from the star Ky,n with vertices uo, u1,U2,--° ,Un 


by joining a vertex vu; to wi,0 <i<n. 


Skolem Difference Odd Mean Labeling For Some Simple Graphs 97 


Let V(G) = {uo, ui,vo,ui 2 1 <i < n} and E(G) = {uovo, uowi, uivi : 1 < i < n}. The graph G 
has 2n + 2 vertices and 2n + 1 edges. Define f : V(G) — {1,2,--- ,4q— 1 = 8n + 3} as follows: 


1 
(u;) =4n+4¢-1l<i<n 
f(vo) =8n +3 
8 


i-3,1<i<n. 


For the vertex labeling f, the induced edge labeling f* in given as follows: 


f* (uovo) = 4n +1 


f* (wows) = 2n+2i-1,l<i<n 


f (wivi) = 2n-2+1,1<i<n. 


Then, f is a skolem difference odd mean labeling and hence G is a skolem difference odd mean graph. 


For example, a skolem difference odd mean labeling of K1,7 © Ky is shown in Fig.10. 


59 


Fig.10 
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Abstract: A radio labeling of a graph G is an injective function [4] f : V(G) — NU {0} 
such that for every u,v € V(G), 


If(u) — f(v)| 2 diam(G) — d(u,v) +1. 
The span of f is the difference of the largest and the smallest channels used, that is, 


max {f(u) — f(v)}. 


u,vEV(G) 


The radio number of G is defined as the minimum span of a radio labeling of G and denoted 
as rn(G). In this paper, we present algorithms to get the radio labeling of special family 
of graphs like double cones, books and nC with a common vertex whose diameters are 2,3 


and 4 respectively. 
Key Words: Radio labeling, radio number, channel assignment, distance two labeling. 


AMS(2010): 05078, 05C12, 05C15. 


§1. Introduction 


The channel assignment problem is a telecommunication problem in which our aim is to assign a 
channel (non-negative integer) to each TV or Radio station so that we do not have any interference 
in the communication. The level of interference between the TV or Radio stations correlates with the 
geographic locations of these stations. Earlier designers of TV networks considered close locations and 
very close locations so that the transmitters at the close locations receive different channels and the 
transmitters at very close locations are at least two apart for clear communication. 

This can be modeled by graph models in which vertices represent the stations and two vertices 
are joined by an edge if they are very close and they are joined by a path of length 2 if they are close. 

The mathematical abstraction of the above concept is distance two labeling or L(2,1)-labeling. A 
L(2,1)-labeling of a graph G is an assignment f from the vertex set V(G) to the set of non-negative 
integers such that |f(2) — f(y)| > 2 if « and y are adjacent and |f(x) — f(y)| > 1 if x and y are at 
distance 2, for all « and y in V(G). 


Practically speaking the interference among channels may go beyond two levels. So we have to 
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extend the interference level from two to the largest possible - the diameter of the corresponding graph. 
So the concept of L(2,1) labeling was generalized to radio labeling. 

Radio labeling was originally introduced by G.Chartrand et.al., [1] in 2001. A radio labeling of a 
graph G is an injective function f : V(G) — NU {0} such that for every u,v € V(G), 


Lf(u) — f(v)| > diam(G) — d(u,v) +1. 
The span of f is the difference of the largest and the smallest channels used, that is, 


max {f(u) — f(v)}. 


u,vEV(G) 


The radio number of G is defined as the minimum span of a radio labeling of G and denoted as rn(G). 


§2. Some Existing Results 


(1) D.D.F. Liu and X. Zhu [2] have discussed the radio number for paths and cycles. 

(2) D.D.F. Liu [3] has obtained lower bounds for the radio number of trees and characterized trees 
achieving this bound. 

(3) Mustapha et al. [4] have discussed radio k-labeling for cartesian products of graphs. 

(4) The radio labeling of cube and fourth power of cycles have been discussed by B. Sooryanarayana 
and P. Raghunath [5, 6]. 

(5) The radio labeling of xth power of a path is discussed by P. Devadas Rao et al. [7] 

(6) The radio number for the split graph and the middle graph of cycle Cy is discussed by S.K. 
Vaidya et al. [8]. 

In the survey of literature available on radio labeling, we found that only two types of problems 


are considered in this area till this date. 


(1) To investigate bounds for the radio number of a graph; 


(2) To completely determine the radio number of a graph. 


§3. Results 


In this section, we develop and justify algorithms to get Radio labeling of the family of graphs - double 
cones whose diameter is 2, books whose diameter is 3 and nC4 with a common vertex whose diameter 
is 4. 

We note that the concept of radio labeling and L(2, 1) labeling coincides when the diameter of the 
graph is 2. In general, to prove a labeling is a radio labeling, we have to prove that every u,v € V(G), 
|f(u) — f(v)| = diam(G) — d(u,v) +1. 

Double Cones are graphs obtained by joining two isolated vertices to every vertex of C,. A Double 
Cone on n+ 2 vertices is denoted by COn+2 = Cn + 2K 1. We note that COn+2 has two vertices with 
maximum degree n. 


Algorithm 1: 


Input : A double cone COn+2 = Cn +2Khki, n> 5. 
Output : Radio labeling of COn+2. 
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Step 1: Arrange the vertices of Cy as v1, v2,.-..,Un and let u1,u2 denotes 2K}. 


Step 2: First label vis of odd i and then label vis of even 7 starting from the label 3 and ending 
with n+ 2 consecutively. 


Step 3: Label ui with 0 and u2 with 1. 
The justification of the desired output is proved in Theorem 3.1. 
Theorem 3.1 For the double cone COn+2, n > 5, rn(COn+2) =n +2. 


Proof Consider the double cone COn+2, n > 5. Let V(Cn) = {v1,v2,...,Un} and ur, u2 denotes 
2K 1. Define f : V(COn+2) — NU {0} such that 


f(u) = 0 
f(u2) = 1 
fu) = 3 
fw) = fm)+— a if Pedd anda a. 


f(v2) = fle) 
f(vi) = f(vi)t+ 


| +i if i is even and i > 2. 
When d(vi,v;) = 1, we have |f(vi) — f(v;)| = [$] or [3] — 1, n—1. That is, when d(vi,v;) = 1, we 
have |f(vi) — f(v;)| = 2. When d(vui;,v;) = 2, we have |f(vi) — f(vj)| = 1 since f(vi)s are distinct. 
Since f(v;) > 3 and f(u1) = 0, we have |f(vi) — f(ui)| > 3. Since f(v;) > 3 and f(u2) = 1, we have 
| f(ui) — f(u2)| > 2. Hence f is a radio labeling and rn(COn+1) < n+ 2. 

Since COn+2 has two vertices u; and u2 with maximum degree n and that too, they are adjacent 
with the same vertices v1, v2,...,Un, the consecutive n + 2 labels 0,1,2,...,2-+ 1 are not sufficient to 


produce a radio-labeling. Therefore, rn(COn+2) > n+ 2 and hence rn(COn+2) = n+ 2. 


A book By, is the product of the star Ki1,, with Kz. A book B,, has p = 2n+4+2 vertices, g = 3n+1 
edges, n pages, maximum degree n + 1 and diameter 3. Next we present an algorithm to get a radio 
labeling of a book By. 


Algorithm 2: 
Input : A book B,, n> 4, with p vertices. 


Output : Radio labeling of By. 


Step 1: Let the vertices of the nth 


common edge vw. 


page of B, be v,un,Wn and w where v and w lie on the 


Step 2: Label v with the label p+ 1 and w with the label 0. 
Step 3: Label vy; with 27,71 =1,2,--- ,n. 


Step 4: Label w; with f(u.) +5,7=1,2,...,n—2 and wn_1 with the label 3 and wy, with the 
label 5, where f(v;) is the label of v;. 


The justification of the desired output is proved in Theorem 3.2. 


Theorem 3.2 For a Book Bn, n> 4, rn(Bn) =pt1. 
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Proof Consider a book B,. A book By, has p = 2n + 2 vertices, gq = 3n + 1 edges, n pages, 


th 


maximum degree n+ 1 and diameter 3. Let the vertices of the n”~ page of B, be v,un,wWn and w 


where v and w lie on the common edge vw. 


Define f : V(Bn) — NU {0} such that 


fv) = p+l 

fiw) = 0 

flu) = 22, 1=1,2,---,n 

f(wi) = f(w)+5, t=1,2,---,n-—2 
f(wn-1) = 3 

f(wn) = 5 


We note that d(v,ui) = 1, d(w, wi) = 1, d(u, wi) = 1,1 =1,2,...,n and d(v,w) = 1. Now, 


lf(v) —f(v)| = p+1—2=2n4+241-2%=2n4+3-2%>3, i=1,2,---,n. 
|f(w) —flw:)| = f(vi)+5=24+52>3, i=1,2,---,n-2. 

|f(w) — f(wn—s)| 3. 
If(w) — f(wn)| = 5. 


Consider f(vi) — f(wi) = 20+5-20=5, 1=1,2,--- ,n—-2. 


|f(vn—1) — f(wn-1)| = I%n-2-3=2%n-5 323. 
|f(vn) — f(wn)| = 2n-5 33. 
Also |f(v)—f(w)| = pt1=2n+3. 


Thus, |f(s:) — f(ti)| > 3 when d(s;,ti:) =1, si,ti € V(Bn). We note that d(v, wi) = 2, d(w,vi) = 2, 
a,j 


7=1,2,---,n, d(vi, v3) 2, a Js a,9 1,2,---,n and d(wi, w;) 2, a Js J 1,2,+++ 7. 
When d(v, wi) = 2,1 =1,2,--- ,n, 
lf(v) — f(ws)| = pt1—2%—5 =2n4+24+1-2%-5=IMm-2-2>2Q, 


If(v) — f(wn-1)| = p+l—-3=p-2 
If(v) — f(wn)| = pti-5=p-4 


When d(w,vi) = 2, 1 = 1,2,--- ,n, |f(w) — f(v:)| = 27 > 2, 7 = 1,2,---,n. When d(v,v;) = 2, 
i #j, i,j = 1,2,---,n, consider for i > 7, |f(vi) — f(v;)| = 22-27 > 2. When d(wi,w;) = 2, 
t#j,4,j9 =1,2,--- ,n— 2, consider for i > 7, |f(wi) — f(wy)| = |f(va) — f(v;)| = 2% — 27 S 2. Since 
f(wn-1) = 3 and f(wn) = 5, |f(wi) — f(w;)| > 2, for all i,7 = 1,2,--- ,n. Thus, |f(si) — f(ti)| > 2 
when d(s;i,ti) = 2, si,ti € V(Bn). 


Since all the vertex labels are distinct, we have, 
| f(s.) _ f(ti)| > 1 when d(si, ti) = 3, si,ti € V(B,). 


Hence f is a radio labeling and rn(Bn) < p+ 1. 


Since there are p vertices, there should be p distinct labels. The p labels 0,1, 2,--- ,p—1 are not 
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sufficient to produce a radio labeling of the Book Bn. 
Suppose they produce a radio labeling, we note that B, has 2 adjacent vertices v and w such that 


each is adjacent with a different set of pee vertices, say, A and B respectively such that 


(«) each vertex in A should have label difference at least 3 with v and among themselves they 
should have label difference at least 2; 

(ti) each vertex in B should have label difference at least 3 with w and among themselves they 
should have label difference at least 2 and 

(tii) the label difference of v and w should be 3. 


This is not possible with p consecutive non-negative integers 0,1,2,--- ,p—1. Therefore B, should 
have more than these p labels 0,1,2,--- ,p—1. Since we have 2 partitions of the vertex set of B,, say, 
AU {v} and BU {w} with the above three properties, B, should have at least 2 more labels to have a 
radio labeling. Therefore, rn(B,) >p+1. Hence rn(Bn) =pt+1. 


Now we consider the graph, the collection of n copies of C4s, all of which have a common vertex, 


that is, nC4 with a common vertex. 


Algorithm 3: 


Input : nC, with a common vertex, n > 3. 


Output : Radio labeling of the graph, nC’4 with a common vertex. 


Step 1: Let the common vertex be u and the vertices of the jth 


cycle be wu, vi,, Vig and Viz, 
i=1,2,---,n. 

Step 2: Label the common vertex u with 7n + 2. 

Step 3: Label v;, with label 7— 1,7 =1,2,--- ,n. 


Step 4: Arrange the remaining vertices as v11, 13, V21,V23,°** ,Un,,Un3- Label these vertices 
starting from n+1,n+4,n+7,...,7n—2. 


The justification of the desired output is proved in Theorem 3.3. 


Theorem 3.3 Let G denotes nC, with a common vertex. Then rn(G) = 7n + 2, n > 3. 


Proof Consider the graph, nC, with a common vertex. Let the common vertex be u and the 


th 


vertices of the 7”” cycle be u, vi,, Vig and viz, 7 = 1,2,--- ,n. 


Define f : V(G) > NU {0} such that 


f(u) = +2 

flv.) = i-1, 1=1,2,---,n 

f(v,) = n+14+(%-—1)6, +=1,2,---,n 
f(vig) = n+44+(-1)6, t=1,2,---,n 


We note that d(u,vij) = 1, * = 1,2,---,n and j = 1,3. Also d(vi,, vi.) = 1 and d(viz, vi.) = 1, 
i=1,2,---,n. Now, |f(u) — f(vi,) = 72 +2—n—-—1-—(i-1)6 = 6n+1- (t-1)6 = 6n+ 7-61 > 4,i= 
1,2,--- ,nand|f(u)—f(viz) = 7n+2—n—4-(i—1)6 = 6n—2-(i-1)6 = 6n+4-6i > 4,1 =1,2,--- ,n. 


Consider 


f(vn,) — flv) =n +14 G—1)6— @- 1) =n4+14 (6-524, 6=1,2,---n. 
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Consider 


If (0ig) — flv) =n +44 G—1)6- @- 1) =n4+44+ (6-524, 6=1,2--n. 


We note that, for i = 1,2,...,n and j = 2, d(u, vij) = 2 and for 7, a=1,2,--- ,n and j,k = 1,3, 
d(vij,Vak) =2 (t,a,7,k all are not equal). 
Since f(u) = 7n + 2 and for i= 1,2,--- ,n and j = 2, f(vi;) =i— 1, we have, 


|f(u) — f(vy)| = 7n+2-i1+1=7%n+3-153, 1=1,2,---,n andj =2. 


Now, since, for i = 1,2,--- ,n, f(vi,) =n+1+ (i- 196 and f(z) =n +4+ (¢— 1)6, we have, 
for 1,@ =1,2,---,n and j,k = 1,3, (i,a,7,k all are not equal), |f(vi;) — f(var) > 3. 
Next, we note that, for i = 1,2,--- ,n, d(vin,v;,) = 3 where 7 = 1,2,---,n & j Fi andk =1,3. In 
this case, | f(vj,) — f(vig) =n +1+4+ (fj -1)6-(@-1) =n+6j —1-4 2 2. Also, |f(vj3) — f(vig)| = 
n+4+(j-1)6-(¢-1) =n+6j-i-12 2. Finally, for i Fj, d(viz, vj.) = 4. Since all the labels of 
Vig, t= 1,2,--- ,n are distinct, |f (viz) — f(vj.)| > 1. Hence f is a radio labeling and rn(G) < 7n + 2. 


Now we find the optimal value of rn(G). The minimum possible label of u is 0. Since the 


distance between wu and vj, is 1, the minimum label we can use at vii is at least 4. Since the vertices 
V13, V21, V23, U31, U33,°** ,Un,;Unz are at a distance 2 from v11, each of this should have a label difference 
3 with vii and among themselves. And so the minimum range of the labels for these vertices is 
{7,10,--- ,6n+1}. So, without loss of generality,we assume that the minimum label vn, should receive 
is 6n+1. There are n more vertices, namely, v12,V22,-+: ;Un,. We cannot use the label 6n +2 to any of 
these vertices because these vertices are at a distance 3 from vn, and hence the label difference at these 
vertices should be at least 2. So the minimum label we can use to any one of these vertices is 6n + 3 
and there are n such vertices. Therefore the minimum label we required to label all these vertices is 
6n+1+(n+1)=7n+2. 

Therefore, the minimum label which can give a radio labeling for the graph G is 7n + 2. That is, 
rn(G) > 7n + 2. Hence, rn(G) = 7n + 2. 
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Abstract: The vertex to edge set (VTES) distance di(u,e) from a vertex u € V(G) to 
an edge e € E(G) is the number of edges on (u—e) path. For each wu € V(G) define 
NM [ul] = {e € M C V(G) : d(u,e) = j, where 0 < j < di(G) } and a non-negative integer 
matrix Di“(G) = (|N}“[u]|) of order V(G) x ((di(G) + 1) called the VTES-M-distance 
neighborhood pattern (M-dnp) matrix of G. If fiz : u+— fi(u) is an injective function, 
where fu(u) = {j: N/“[u] 40}, then the set M is a VTES-distance pattern distinguishing 
(M-dpd) set of G and G is a VTES-dpd-graph. This paper is a study of VTES M-dnp- 
matrices of a VTES-dpd-graph. 


Key Words: Distance (in Graph), vertex-to-edge-set distance-pattern distinguishing sets, 
VTES-distance neighborhood pattern matrix. 
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§1. Introduction 


For all terminology which are not defined in this paper, we refer the reader to F.Harary [6]. Unless 
mentioned otherwise, all the graphs considered in this paper are nontrivial, simple, finite and connected. 

Distance between two elements (vertex to vertex, vertex to edge, edge to vertex, and edge to 
edge) in graphs is already defined in the literature (refer [9]), but here we are using vertex to edge- 
distance. For subsets S,T C V(G), and any vertex v, let d(v,S) = min{d(v, u) : u € S} and d(S$,T) = 
min{d(x,y): «2 € S,y € T}. In particular, if f = ry is an edge in G, then the vertex to edge distance 
between v and f is given by d(v, f) = min{d(v, x), d(v, y)} [9]. 

A study of these sets is expected to be useful in a number of areas of application such as facility 


location [5] and design of indices of “quantitative structure activity relationships” (QSAR) in chemistry 


([2], [8))- 


Definition 1.1([9]) For any vertex v in a connected graph G, the vertex-to-edge eccentricity e(v) of v 
is e(v) = max {d(v,e):e € E(G)}. The verter-to-edge diameter d\(G) = maz {e(v)} and the vertex- 
to-edge radius r1(G) = min{e(v)}. A verter v for which e(v) is minimum is called a vertex-to-edge 
central verter of G and the set of all vertex-to-edge central vertices of G is the vertex-to-edge center 
C1(G) of G. Any edge e for which e(v) = d(v,e) called an eccentric edge of v. 


1Received January 29, 2015, Accepted August 28, 2015. 
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The vertex-to-vertex eccentricities and the vertex-to-edge eccentricities of the vertices of graphs 
G and H in Fig.1 are given in the Table 1.1 and Table 1.2, respectively. 


U6 


U3 


v2 


Table 1.2 


Definition 1.2 Let G = (V,E) be a given connected simple (p,q)-graph, M C E(G) and for each 
u € V(G), let far(u) = {d(u,e):e € M} be the distance-pattern of u with respect to M. If fu is 
injective then the set M is a distance-pattern distinguishing set (or, a “VTES-dpd-set” in short) of 
G and G is a VTES-dpd-graph. If fu(u) — {0} is independent of the choice of u in G then M is 
an open distance-pattern uniform (or, VTES-odpu) set of G and G is called an VTES-odpu-graph. 
The minimum cardinality of a VTES-dpd-set (VTES-odpu-set) in G, if it exists, is the VTES-dpd- 
number(VTES-odpu-number) of G and it is denoted by p(G). 


For an arbitrarily fixed vertex u in G and for any nonnegative integer j, we let N;[u] = {e € E(G) : d(u,e) = j}. 
Clearly, |No[u]| = {deg(u)}, Vu € V(G) and N;[u] = V(G) — V(éu) whenever j exceeds the vertex-to- 
edge eccentricity €(u) of u in the component €, to which u belongs. Thus, if G is connected then, N;[u] = 
¢ if and only if 7 > e(u). If G is a connected graph then the vectors & = (|No[u]|, | Ni [ul], |N2[ul],--- , | Nec (ull) 
associated with u € V(G) can be arranged as a p x (dig +1) matrix Dig whose entries are nonnegative 
integers given by 


INo[vi]| [Nifer]] [Nell + Neer [vl 0 0 0 
|No[ve]| [Ni [v2]| | N2[v2]| bats, aah | Neva) [v2] | 0 0 


\Nolvell |Nafepll [Nall ae [Neupy [vel 
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where dig denotes the vertex-toedge diameter of G; we call Dig VTES-distance neighborhood pattern 


matrix (or, VTES-dnp-matriz) of G. For a VTES-dnp-matrix the following observations are immediate. 


Observation 1.3 Entries in the first column of Dig are nonzero entries. 


Observation 1.34 In each row of Dig, entry zero will be after some nonzero entries. Zero entries 


may or may not be present in rows. 


Observation 1.5 The entries in the first column of Dig correspond to the degrees of the corresponding 


vertices in G. 


Proposition 1.6 For each u € V(G) of a connected graph G, {Nj[u] : Nj[ul # ¢, O< 7 < dic} gives 
a partition of E(G). 


Proof If possible, let e € N;[u] M N;[u], for some e € E(G) and u € V(G). Then d(u,e) = j 
and d(u,e) = k, and hence 7 = k. Therefore,N;[u] Q Nx[u] = ¢ for any (j,k) with 7 # k. Now, 
clearly, Bess N;[u] C E(G). Also, for any e € E(G), since G is connected, d(u,e) = k, for some k € 


{0,1,2,--- ,dig}. That is, e € Nz[u] for some k € {0,1,2,--- ,dig} which implies E(G) C Uae N;{ul. 
Hence (ee N;[u] = E(G). 


Corollary 1.7 Each row of the VTES-dnp-matrix Dig of a graph G is the partition of |E(G)|. Hence, 
sum of the entries in each row of the VTES-dnp-matriz Dig of a graph G is equal to the number of 
edges of G. 


§2. M-VTES-Distance Neighborhood Pattern Matrix of a Graph 


Given an arbitrary nonempty subset M C E(G) of G and for each u € V(G), define N)“[u] = 
{ee M:d(u,e) = 7}; clearly then Ne? [u] = N;[u]. One can define the M-VTES-eccentricity of 
u as the largest integer for which NM[u] # ¢ and the p x (dig + 1) nonnegative integer matrix 
Dig = (|N/[u]|) is called the M-VTES-distance neighborhood pattern (or, M-VTES-dnp) matrix of 
G. D& is obtained from D4 by replacing each nonzero entry by 1. 


B.D.Acarya ({1]) defined VTES-dnp matrix of any graph and in particular, M-VTES-dnp matrix 
of VTES-dpd-graph as follows: 


Definition 2.1 Let G = (V, E) be a given connected simple (p,q)-graph, M(4 ¢) C E(G) andu € V(G). 
Then, the M-VTES-distance-pattern of u is the set fur(u) = {d(u,e):e€ M}. Clearly, fur(u) = 
93 N}\“ [ul A o}. Hence, in particular, if fur: ut fu(u) is an injective function, then the set M is 
a VTES-distance-pattern distinguishing set ( or, a “VTES-dpd-set” is short) of G and if frr(u) — {0} ts 
independent of the choice of u inG then M is a VTES-open distance-pattern uniform (or, VTES-odpu) 
set of G. A graph G with a VTES-dpd-set(VTES-odpu-set) is called a VTES-dpd-(VTES-odpu)-graph. 


Following are some interesting results on M-VTES-dnp matrix of a connected nontrivial graph G. 


Observation 2.2 Both D7é and D2 do not admit null rows. 
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Proposition 2.3 For each u € V(G), 


MNDu, if MNDu#¢: 


No’ [u] = 
0, if MND. = 4, 


where Dy = {e,:1<1%< degu and u is adjacent to e; }. 
Therefore, the entries in the first column of DM are zero or an integer k,1 < k < degu and the 


entries in the first column of Di@! are either 0 or 1. 


Remark 2.4 It should be noted that Observation is not true in the case of Did. 


Remark 2.5 For a graph G & Ch, 
: n=2 if n is even integer 
vertex-toedge diameter dig= 
1 if n is odd integer 


Remark 2.6 For a graph G & P,,,n > 2, the vertex-to-edge diameter dig= n — 2. 


Lemma 2.7 is similar to Proposition 1.6. 


Lemma 2.7 For each u € V(G) of a connected graph G, {N}“[u] : N/“[u] 40,0<j < 
dig} gives a partition of M. 


Proof If possible, let e € N/[u] N Nz“ [u], for some e € M and u € V(G). Then d(u,e) = j 
and d(u,e) = k, and hence j = k. Therefore, Nj“ [u] M Ng“ [u] = ¢ for any (j,k) with 7 4 k. Now, 
clearly, Wes Ny [u) C M. Also, for any e € M, since G is connected, d(u,e) = k, for some k € 
{0,1,2,--- ,dig}. That is, e € Ni [u] for some k € {0,1,2,--- ,dig} which implies M C Wes Nj‘ [ul. 
Hence UES Nj} [ul] = M. 


Corollary 2.8 Each row of Dt is a partition of |M|. 


Corollary 2.9 Sum of the entries in each row of DX& gives |M| and sum of the entries in each row of 


Die is less than or equal to |M|. 


§3. M-VTES-Distance Neighborhood Pattern Matrix of a VTES-dpd Graph 


In this section we find out some results of Dj®# of a VTES-dpd-graph. From the definition of D7X, 


we have the following observations. 


Observation 3.1 In any graph G, a nonempty M C E(G) is a VTES-dpd-set if and only if no two 
rows of D7¥ are identical. 


The following Theorem 3.2 shows that M is a proper subset of E(G). 


Theorem 3.2. For a VTES-dpd-graph G of order p and size q, a VTES-dpd set M is such that 
MS oS 


Proof For lower bound, let M be a VTES-dpd set. If M = {e}, for some e = wv € E(G), then 
Dix contains a 2 x (dig +1) submatrix, such that the rows of submatrix represent the M-VTES-dnp 
of the vertices u and v in Dj. That is, entry 1 is at the first column of submatrix and the rows are 


as shown below, 
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1 0 0 ::- O 
1 0 0 ::. O 


Hence Dj® contains identical rows, Therefore M is not a VTES-dpd-set and hence |M| # 1. 
Next, suppose M = {ex, ez} for some ex = usu; € E(G) and e; = uv; € E(G). We consider the 


following cases. 


Case 1. ex is adjacent to ey. Let uj = vj. Then di(ui,ex) = d(vj,e:) = 0 and d(tw,e:) = 
d(v;,e~) =1. Then D72 contains a 2 x (dig +1) submatrix, such that the rows of submatrix represent 
the M-VTES-dnp of the vertices u; and v; in Dix. That is, entry 1 is at the first and second column 


of submatrix and rows are as shown below. 


1 1 0 0 ::. O 
1 1 0 0 ::: O 


Case 2. ex is not adjacent to e;. Then the rows of the 2 x (dig +1) submatrix corresponding to 
the M-VTES-dnp of u; and v; in Dt2 are as follows. 


1 0 0: 1:0 0 ::: O 
100 -. 10 0 ::: 0 


Thus DiZ contains identical rows if || = 2 and so, M is not a VTES-dpd-set. Hence the lower bound 
follows. 

For upper bound, suppose on contrary, there exist a VTES-dpd-set M with |M| = q. We prove 
by induction on p > 2. 

Suppose p = 2 with |M| = q. Then the graph G & K2 and |M| = 1. By lower bound |M| > 3, a 
contradiction. Suppose p = 3 with |M| = q then the graph G is either Ky,2 or K3. If G& Ki,2, with 
|M| = q = 2. By lower bound |M| > 3, a contradiction. If G = K3 with |M| = q = 3. Then, we have 
a VTES-dpd-matrix 


1 1 
Dig= | Ai. a 
1 1 


Clearly rows are identical hence, a contradiction. Therefore |M| 4 q for p = 2 and p = 3. Suppose that 
|M| 4 q for p=n. We claim that |M| 4 q for p=n+1. Let V(G) = {v1, v2,--+ , Un, Unti} be the 
vertex set of G. One can observe that every graph has atleast one vertex-to-edge central vertex. Let 


C1(G) be set of vertex-to-edge central vertices. We consider the following cases. 


Case 1. |Ci(G)| =1. Let v; € Ci(G), then D7 contains a (degvi) x (dig +1) submatrix, rows 
of which represent the M-VTES-dup of the vertices vj € N(vi); j = 1,2,--- ,degv; in Div’ as shown 


below. 
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Hence D7® contains identical rows , a contradiction. Hence |M| 4 q for p= n+ 1. By mathematical 


induction, the result follows for all p. 


Case 2. |Ci(G)| > 2. Let Ci(G) = {v1, v2,--- ,vi},4 > 2. For every vi,v; € Ci(G), there exists 
an edge ex such that d(vi,e,) =d(vj,ex). Then Dt contains a 2 x (dig +1) submatrix, the rows of 
which represent the M-VTES-dnp of vertices v; and v; in Djé as shown below. 

1 11 0 ::: O 
1 11 £0 =:::. 0 


Hence D7? contains identical rows, a contradiction. Thus, |M| < q—1. 


Lemma 3.3 If dig < 2, then G does not possess a VTES-dpd-set. 


Proof One can verify from [6] Appendix 1,Table Ai. 


Corollary 3.4 [fG= Ky, Kn —e or Km,n, then G does not possess a VTES-dpd-set. 


Theorem 3.5 A graph G = P, of order n admits a VTES-dpd-set if and only ifn > 5. 


Proof Suppose that G © P,, where Pn = (v1, €1, V2, €2, V3, €3,°°* ;Cn—1, Un, ). Let M = {e1, €2, es}. 
Then 
1 1 0 1 0 0 0 0 0 0 0 0 
1 0 1 0 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 0 0 0 0 0 0 
1 1 1 0 0 0 0 0 0 0 0 0 
1 0 1 1 0 0 0 0 0 0 0 0 
fe | (Oe a, 20 te a Go OF 0° 10s- I~ 30 
0 0 1 0 dl 1 0 0 0 0 0 0 


0 0 O 0 0 0 1 0 1 1 0 0 
0 0 O 0 0 0 0 1 0 1 1 0 
0 0 O O :: O 0 1 0 1 1 


Now, we can partition D7¥ into two submatrices say, A and B where A is a 4x (dig +1) submatrix 


of the form 


1 1 01 0 0 0 0 0 0 0 0 
1 01 0 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 0 0 0 0 0 0 
1 11 00 0 0 0 0 0 0 0 


Again we can find the 4 x 4 submatrix Ai of A which is of the form 


1 0 
0 1 
1 0 
1 1 


PRP Re 
(on > ee 
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The remaining 4 x (dig — 3) submatrix Az of A has all the entries as zero. 

Also, Each i‘h row, 1 < i < (n—4), of the submatrix B of order (n—4) x (dig +1) has entry 1 only 
in the i”, (i + 2)"¢,and (4 + 3)’% columns. None of the rows of the submatrices A and B are identical 
and hence no two rows of Di are identical. Hence {e1, €2,e4} form a VTES-dpd-set. Therefore, any 
graph G & P, of order n > 5 admits a VTES-dpd-set. 

Now to complete the proof we need to show that P, is not a VTES-dpd-graph for n < 4. So, 
suppose that G& P, and n < 4. Since n < 4, di(Pn) < 2 for n < 4. By Lemma 3.3, the proof follows. 


Corollary 3.6 G& Ps is the smallest VTES-dpd-graph with M = {e1, €2, e4} 
Theorem 3.7 A cycleG=C*), of order n admits a VTES-dpd-set if and only if n > 7. 


Proof Let Cn = (v1, €1, v2, €2, U3, €3,°** ,€n—1, Un, €1, U1) be a cycle on n vertices. We consider the 


following cases. 


Case 1. n is an even integer, and > 8. Let M = {e1,e2,e4}. Then 


1 1 0 1 0 oO :;. 0 0 OO O O O 
1 0 1 0 oO O 0 0 O 0 0 0 
1 1 0 oO oO 0 0 0 O 0 0 0 
1 1 1 0 oO O 0 0 0 0 0 0 
1 0 1 1 0 0 0 0 O O 0 0 
0 1 0 1 1 0 0 0 O 0 0 90 
0 O 1 0 1 1 0 0 O O 0 0 
0 0 O O 0 0 1 0 1 1 0 0 
p= 0 0 O 0 0 0 0 1 0 1 HE 0 
0 0 O 0 0 0 0 0 1 0 1 1 
0 0 O 0 0 0 0 oO O 1 0 1 
0 0 O 0 0 0 0 0 O 0 1 1 
0 0 O O 0 0 0 oO O 1 1 1 
0 0 O0 0 0 0 0 0 1 1 0 iL 
0 0 0 0 0 0 0 1 1 0 1 0 
0 0 O0 0 0 0 1 1 0 1 0 0 
0 O it 1 0 1: 0 O OO O O O 
0 1 1 0 1 Oo -. 0 O O O O ODO 


Now, we can partition Dj2’ into four submatrices say, A,B,C and D where A is a 4 x (dig +1) 


submatrix of the form 


1 1 01 0 0 0 0 0 0 0 0 
1 01 0 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 0 0 0 0 0 0 
1 11 00 0 0 0 0 0 0 0 
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Again we can find the 4 x 4 sub-matrix A, in A which is of the form 


1 
0 
1 
1 


PR Re 
Ee CO FEF O&O 
oO Oo .0 fF 


Here the remaining 4 x (dig — 3) sub-matrix Az of A has all the entries as zero. The submatrix B of 


(n 


order io) x (dig + 1) is of the form 


1 0 1 1 0 0 0 0 0 0 0 0 
0 1 0 1 1 0 0 0 0 0 0 0 
0 0 1 0 1 1 0 0 0 0 
0 0 0 0 0 0 1 0 1 1 0 0 
0 0 0 0 0 O :: O 1 0 1 1 0 
0 0 0 0 0 oO :: O 0 1 0 1 1 
Each i*h row, 1 <i < — of the submatrix B of order (n — 6) x (dig +1) has entry 1 only in the 


a”, (4 + 2)"*,and (4+ 3)"@ columns. 


We also choose submatrix C of order 


(n—6)  (n—8) 


(n-4— 5 5 ) x (dig +1) 
of the form 
000 00 0 000 10 1 
0 0 0 0 0 0 000 01 41 
0 0 0 0 0 0 00011421 
Finally we can choose a submatrix D of order 
(n= 
x (dig +1) 
2 
of the form 
0 0 0 0 0 0 0 0 1 1 0 1 
0 0 0 0 0 0 0 1 1 0 1 0 
0 0 0 0 0 0 1 1 0 1 0 0 
0 O 1 1 0 1: 0 0 0 O O OD 
0 1 1 0 1 O :- O 0 0 O O 0 


Clearly we can observe that none of the rows of submatrices A,B,C and D are identical and hence 


no two rows of D;® are identical. Therefore, any graph G & C, of order n > 8 admits a VTES-dpd-set. 


Case 2. n is an odd integer and > 7 Let M = {e1, €2, ea}. Then 
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OF OFF oO rH 
FOF F Or oO 
OorrFoooe#, 
FF CO coc oO Oo 
SC FC 2) AS 
Co -Oo" oS. Oo. So -O- ©. 
Oo © o-oo oO oS 
> ) OVO SO 1S 
ee ee ee ee) 
OO 1S OO: OS OS 
oe > So > —O. -S. 


_ Oo Oe ee ee 


S:-” SS. 6 OE Ce, USE SS Se KS 
SO? “S:,. (OS Oo * SS. 3 OS 
Oe sy oO: Mit (SS OY 8S iS. 
oo oS o.oo  Oonm Oo 
Ss -.O (OO: (Oe Oe 4S Os, 5S 
Or ©. «OO, OS 1S. Os, SS 
Le > 
Ee ee SS. sO Sa ES: 
COorFrF OOF oO 
— OY ES Sa eS Se 
oF Oo FF YF eS EE CO 
oD CO F OF FF CO OO 


oS 1S 
Oo 
rae 
ae 
Oo 
re 
(=) 
oO 
oO 
Oo 


1 1 0 1 O --- O 0 0 0 0 0 


Now, we can partition D7 into four submatrices say, A,B,C and D, where A is a 4 x (dig +1) 


submatrix of the form 


1 1 01 0 0 0 0 0 0 0 0 
1 01 0 0 0 0 0 0 0 0 0 
1 1 0 0 0 0 0 0 0 0 0 0 
1 11 00 0 0 0 0 0 0 0 


Again we can find the 4 x 4 submatrix Ai of A which is of the form 


a es 
FF Oo Fe 
on ao) 
o co oe 


Here the remaining 4 x (dig — 3) submatrix A2 of A has all the entries as zero. The submatrix B of 


(n 


order G2) x (dig + 1) is of the form 


114 Kishori P.Narayankar, Lokesh S. B. and Veena Mathad 


1 0 1 1 0 O 0 0 O 0 0 0 

0 1 0 1 1 0 0 0 O 0 0 0 

0 O 1 0 1 1 0 0 O 0 

0 0 O 0 0 0 1 0 1 1 0 0 

0 0 0 0 0 O =: O 1 0 1 1 0 

0 0 0 0 0 O +. O 0 1 0 1 1 
(n—5) 


Each ith row, 1 <i< 


i” (i +2)",and (i+ 3)"@ columns. 


, of the submatrix B of order (n — 5) x (dig +1) has entry 1 only in the 


ere) ee ee 


Also, we choose a submatrix C of order (n — 4— ) x (dig + 1) of the form 


2 2 
0 00 00 0 ::. 00 0 1 1 21 
0 00 0 0 0 ::. 00 0 1 1 =0 


Finally, we can choose a e — fs x (dig +1) submatrix D of the form 


0 0 O 0 0 0 0 0 1 1 0 1 
0 0 O 0 0 0 0 1 1 0 1 0 
0 0 O0 0 0 0 1 1 0 1 0 0 
0 O 1 1 0 1: 0 O OO O O O 
0 1 1 0 i 0 -. 0 O O O 0 O 


Clearly, one can observe that the rows of A,B,C and D of Dane are not identical. Therefore, any graph 
G = C*, of order n > 7 admits a VTES-dpd-set. 

Now to complete the proof we need to show that the C,, is not a VTES-dpd-graph for n < 6. So, 
suppose that G = C, and n < 6. Then dig < 2. The proof follows by Lemma 3.3. 
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Abstract: For any graph G = (V, £) a subset D C V is a dominating set if every vertex in 
V — Dis adjacent to at least one vertex in D. A dominating set is said to be a complementary 
tree dominating set if the induced subgraph < V — D > is a tree. The minimum cardinality 
of a complementary tree dominating set is called the complementary tree domination number 
and is denoted by ycta(G). In this paper, we find an upper bound for ycta(G)+x(G) = 2p—5 
and Ycta(G) + x(G) = 2p — 6, p is the number of vertices in G. 


Key Words: Domination number, complementary tree domination. 


AMS(2010): 05C69. 


§1. Introduction 


By a graph G = (V, E) we mean a finite undirected graph without loops or multiple edges. The order 
and size of G are denoted by p and q respectively. For graph theoretical terms, we refer Harary [1] and 
for terms related to domination we refer Haynes et al. [2]. 

A subset D of V is said to be a dominating set in G if every vertex in V — D is adjacent to at 
least one vertex in D. The domination number ¥(G) is the minimum cardinality of a dominating set in 
G. The concept of complementary tree domination was introduced by Muthammai, Bhanumathi and 
Vidhya [3]. A dominating set D is called a complementary tree domination set if the induced subgraph 
<V-—D> isa tree. The minimum cardinality of a complementary tree dominating set is called the 
complementary tree domination number of G, denoted by ycta(G) and such a set D is called a Ycta set. 
The minimum number of colours required to colour all the vertices such that adjacent vertices do not 
receive the same colour is the chromatic number x(G). 

In this paper, we obtain sharp upper bound for yera(G)+x(G) = 2p—5 and yYera(G)+x(G) = 2p—6. 


We use the following previous results. 


Theorem 1.1(({1]) For any connected graph G, x(G) < A(G) +1. 
Theorem 1.2([3]) For any connected graph G with p > 2, Yeta(G) < p—1. 
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Theorem 1.3((3]) Let G be a connected graph with p > 2. yeta(G) = p— 1 if and only if G is a star 


on p vertices. 


Theorem 1.4((3]) Let G be a connected graph containing a cycle. Then ycta(G) = p — 2 if and only 
if G is tsormorphic to one of the following graphs. Cy, Kp or G is the graph obtained by attaching 


pendant edges at at least one of the vertices of a complete graph. 


Theorem 1.5([3]) Let T’ be a tree with p vertices which is not a star. Then yeta(T) = p— 2 if and 
only if T is a path or T is obtained by attaching pendant edges at at least one of the end vertices. 


Theorem 1.6((4]) For any connected graph G, yYeta(G) + x(G) < 2p —1, (p > 2). The equality holds 
if and only ifG = Ke. 


Theorem 1.7((4]) For any connected graph G, yeta(G) +x(G) = 2p — 2 (p > 3) if and only if G = P3 
or Kp, p= 4. 


Theorem 1.8([4]) For any connected graph G, yeta(G) + x(G) = 2p — 3 (p = 4) if and only if G is 
a star on four vertices or G is the graph obtained by adding a pendant edge at exactly one vertex of 
Kp-1. 


Theorem 1.9([4]) For any connected graph G, on p vertices, yeta(G) + x(G) = 2p — 4 (p > 5) if and 
only if G is one of the following graphs. 


(1) G is a star on 5 vertices; 

(2) G is a cycle on 4 (or) 5 vertices; 

(3) G is the graph obtained by attaching exactly two pendant edges at one vertex or two vertices 
of Kp-2; 
(4) is the graph obtained by joining a new vertex to j (2 < 7 < p—2) vertices of Kp-1. 


§2. Main Results 


Notation 2.1 The following notations are used in this paper: 


(1) Kn(p — n) is the set of graphs on n vertices obtained from K,, by attaching (p— n), (p > n) 
pendant edges at the vertices of Kn. 

(2) Kn(Pm) is the graph obtained from Ky by attaching a pendant edge of Pm to any one vertex 
of Kn. 

(3) Ki,(H) is the set of graphs obtained from K,, by joining each of the vertices of the graph H 
to the same i (1 <i < n—1) vertices of Kn. 

(4) Ki'(H) is the set of graphs obtained from K,, by joining each of the vertices of the graph H 
to distinct (n — 1) vertices of Kn. 

(5) Ky’ (A) is the set of graphs obtained from K,, by joining all the vertices of H, each is adjacent 
to at least i (2 <i <mn-—1) vertices of Kn. 
(6) Fi(Kn,2K1) is the set of graphs obtained from Ky by joining one vertex of 2K, toi (2<i< 
1) vertices of Ky, and the other vertex to any one vertex of Kn. 
( 


7) Foi(Kn, K2) is the set of graphs obtained from Ky by joining one vertex of K2 toi (1 <i 


lA 


n- 
n — 1) vertices of Kn. 

(8) F22(Kn, K2) is the set of graphs obtained from K,, by joining each of the vertices of K2 to i 
(1 <i<n-—1) distinct vertices of Kn. 
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(9) F3(Kn, 31) is the set of graphs obtained from K,, by joining one vertex of 3K, to any of the 
i (1 <i<n-—1) vertices of K, and each of other two vertices of 3K 1 to exactly one vertex of Kn. 

(10) Fa1( Kn, Ko U K1) is the set of graphs obtained from K,, by joining one vertex of K2 and the 
vertex of Ky to distinct (n — 1) vertices of Kn. 

(11) Fu2(Kn, Ko U K1) is the set of graphs obtained from Ky by joining one vertex of K2 to i 
(1 <i<n-—1) vertices of Kn and the vertex of Ki to any one vertex of Kn. 

(12) Fug(Kn, Ko U Ki) is the set of graphs obtained from K, by joining each of the vertices of 
K2U ki to vertices of Ky, such that each vertex of K2 U K, is adjacent to exactly one vertex of Ky. 

(13) F51(Kn, P3) is the set of graphs obtained from K, by joining the central vertex of P3 to i 
(1 <i<n-—1) vertices of Kn. 

(14) F52(Kn, P3) is the set of graphs obtained from K,, by joining a pendant vertex and the central 
vertex of P3 to the same i (1 < i < n—1) vertices of Kn. 

(15) F53(Kn, P3) is the set of graphs obtained from K,, by joining a pendant vertex and the central 
vertex of P3 to distinct (n — 1) vertices of Kn. 


In the following ycra(G) + x(G) = 2p — 5 and Yera(G) + x(G) = 2p — 6 are found. 


Theorem 2.1 Let G be a connected graph with p (p > 6) vertices then ycta(G) + x(G) = 2p — 5 if and 
only if G is one of the following graphs: 


(a) G is a star (or) a cycle on 6 vertices; 
(b) G € Kp-3(3); 

(c) GE Kp_2(Ka); 

(d) Ge Fi(Kp-2,2K1); 

(e) Ge Po) (Kp- 2, Ke). 


Proof If G is one of the graphs given in the theorem, then ycta(G) + x(G) = 2p — 5. Conversely, 
assume Yera(G) + x(G) = 2p — 5. This is possible only if 


(4) yeta(G) = p — 1 and x(G) = p — 4; 
(it) Yeta(G) = p — 2 and x(G) = p — 3; 
(itt) Yeta(G) = p— 3 and x(G) = p— 2; 
(iv) Yeta(G) = p— 4 and x(G) = p- 1, 
(v) Yeta(G) = p—5 and x(G) = p. 


Case 1. Yera(G) = p—1 and x(G) =p-—4. 


But, Ycta(G) = p— 1 if and only if G is star Ki,,-1 on p vertices (Theorem 1.3, [3]). For a star G, 
x(G) = 2. Therefore, y(G) = p — 4 implies that p = 6 that is, G is a star on 6 vertices. 


Case 2. Yera(G) = p— 2 and x(G) = p-—3. 


But, Ycta(G) = p — 2 implies that G is one of the following graphs (a) Cp, cycle on p vertices 
(b) Kp, complete graph on p vertices (c) G is the graph obtained by attaching pendant edges at least 
one of the vertices of a complete graph (d) G is a path (e) G is obtained from a path of at least three 
vertices, by attaching pendant edges at at least one of the end vertices of the path. 

G cannot be one of the graphs mentioned in (b), (d) and (e), since if GY Kp, then x(G) = p and 
if G is a path (or) as in (e), then x(G) = 2 and hence p = 5. 

If G ~ C, then y(G) = p — 3 implies p = 5 (or) 6. But, G has at least 6 vertices and hence 
G = Cs. Let G be a graph obtained by attaching pendant edge at at least one of the vertices of a 
complete graph. 
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But x(G) = p— 3 implies that, G is the graph on p vertices obtained from Ky-3 by attaching 
three pendant edges. 
That is, G € Kp—3(3). 


Case 3. yera(G) = p — 3 and x(G) = p — 2. 


x(G) = p— 2 implies that either G contains or does not contain a clique Kp—2 on (p— 2) vertices. 
Assume G contains a clique Kp—2 on (p— 2) vertices. Let V(Kp_-2) = {u1,u2,--: ,Up—2} and D = 
V(G) —V(Kp-2) = {a,y}- 

Since G is connected, at least one of x and y is adjacent to vertices of Kp_2. Also both x and y 


are adjacent to at most (p — 3) vertices of Kp_2. 
Subcase 3.1. « and y are non adjacent. 


If both x and y are adjacent to same u; (1 < 4 < p—2) then V—D = V(G)—{any two vertices of Kp—2} 
forms a minimum ctd-set of G, since the pendant vertices x and y must be in any ctd-set and hence 
Yeta(G) = p— 2. 

Similarly, if both « and y are adjacent to same i (2 < i < p—3) vertices of Kp_2, then the set 
V(G) — {x,y, ui, uj} where ui € N(x) Kp_2 and u; € (N(«x))°N Kp_2 forms a minimum ctd-set and 
hence Yeta(G) = p — 4. 

Let x be adjacent to at least i vertices of Kp—2, where 2 <i < p—3. If y is adjacent to at least 
two vertices of Kp—2, then also ycta(G) = p—4. Therefore, y is adjacent to exactly one vertex of Kp-2. 
That is, G is the graph obtained by joining two non-adjacent vertices to vertices of Kp—2, such that 
one vertex is adjacent to 7 (2 < i < p—83) vertices and the other vertex is adjacent to exactly one 
vertex of Kp—2. That is, G € Fi(Kp-2,2K1). 


Subcase 3.2. « and y are adjacent. 


If N(x)NKp—2 and N(y)NKp-2 are distinct, then ycta(G) = p—4, since the set V(G)—{z, y, ui, uy}, 
where ui € N(x) M (N(y))° MN Kp—2 and uz € (N(x))°N (N(y))° NM Kp—2 forms a minimum ctd-set. 
Therefore, N(x) M Kp—2 and N(y)M Kp—2 are equal. Hence, G is the graph obtained from Ky, -2 by 
joining the two vertices of K2 to the same i (1 < i < p—3) vertices of Kp_2 (or) G is the graph obtained 
from Kp 2 by joining one vertex of K2 toi (1 <i < p—8) vertices of Kp-2. Therefore, G € Kj_2(K2) 
(or) G € Fo1(Kp_2, K2). 


If G does not contain a clique on (p — 2) vertices then it can be seen that no new graph exists. 
Case 4. yYera(G) = p— 4 and x(G) =p-1. 


x(G) = p—1 implies that either G contains or does not contain a clique K,—1 on (p—1) vertices. 
Assume G' contains a clique Kp—1 on (p—1) vertices. Let V(G)—V(Kp-1) = {x}. Since G is connected, 
x is adjacent to at least one of the vertices of Kp-1. Also, x is not adjacent to all the vertices of Kp_2, 
since otherwise G ~ K,. Then either V(G) — {ui, uj} (or) V(G) — {z, ui, uj}, where ui € N(x) Kp-1 
and u; € (N(«))°N Kp-1 forms a minimum ctd-set. Hence in this case, no graph exists. If G does not 


contain a clique Kp—1 on (p— 1) vertices. 
Case 5. Yera(G) = p—5 and x(G) =p. 


x(G) = p implies G = Kp. But, Yeta( Kp) = p — 2. Here also, no graph exists. From cases 1 - 5, 
G can be one of the following graphs: 


(a) G is a star (or) a cycle on 6 vertices; 
(b) G € Kp_a(3); 
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(c) Ge K,_2(Ka); 
(d) Ge Fi(Kp_2, 2K1); 
(e) G € Foi (Kp-2, Ko). 


Remark 2.1 For any connected graph with p (3 < p < 5) vertices, ycera(G) + x(G) = 2p — 5 if and 
only if G is one of the following graphs. 


“i OF 
Saavev 


Fig.1 


Theorem 2.2 For any connected graph G with p (p > 7) vertices, yeta(G) + x(G) = 2p — 6 if and only 
if G is one of the following graphs: 


(a) G is a star (or) a cycle on 7 vertices; 
(b) G € Kp-a(4); 

c) G € F3(Kp-3,3K1); 
d)Ge He 3(K3); 

) GEK! (Ke); 

f)GeE ee 3, K2U 1); 
g) Ge Fio(Kp_3, Ko U K1); 
h) Ge F'43(Kp-3, Keo U Ki); 
i) Ge Kp-—3(Ps); 

j) G © Foi (Kp-3, Ps); 

k) G € F52(Kp-_s, Ps); 

1) GE F'53(Kp—3, P3); 

(m) G € Kp_3(Ps); 

(n) Ge Ky" .(2K1); 

(0) Ge Fo2(Kp-2, Ko). 


o) 


me 


Proof If G is one of the graphs given in the theorem, then ycta(G) + x(G) = 2p — 6. Conversely, 
assume Yera(G) + x(G) = 2p — 6. This possible, only if 


(i) Yeta(G) = p— 1 and x(G) = p — 5; 
(it) Yeta(G) = p— 2 and x(G) = p—4; 
(itt) Yeta(G) = p — 3 and x(G) = 
( 
( p 


p— 3; 
iv) Yeta(G) =p — 4 and x(G) =p—2 
Vv) Yeta(G) = p — 5 and x(G) 


—1; 


Extended Results on Complementary Tree Domination Number and Chromatic Number of Graphs 121 


(vi) Yeta(G) = p— 6 and x(G) =p. 
Case 1. Yeta(G) = p— 1 and x(G) =p—5 


But, ycta(G) = p — 1 if and only if G is a star Ki,p-1 on p vertices. But, for a star x(G) = 2. 


Hence, p= 7. That is, G is a star on 7 vertices. 


Case 2. Ycta(G) = p— 2 and x(G) =p—4 


(a) G=C,; 
(0) G& Kp; 
(c) G is the graph obtained by attaching pendant edges at at least one of the vertices of a complete 


graph; 

(d) G is a path; 

(e) G is obtained from of path of at least three vertices by attaching pendant edges at at least one 
of the end vertices of the path. 

As in case 2 of Theorem 2.1. 

G is a cycle on 7 vertices (or) G is the graph on p vertices obtained from Kp—4 by attaching four 
pendant edges. That is, G = C7 (or) Kp_—4(4). 


Case 3. yYcra(G) =x(G) =p-—3 


x(G) = p — 3 implies that either G contains or does not contains a clique Kp—3 on (p — 3) 
vertices. Assume G contains a clique Kp—-3 on (p — 3) vertices. Let V(Kp-3) = {u1,u2,--: ,Up—3} 
and D = V(G) — V(Kp-3) = {x,y,z}. Each of x,y,z is not adjacent to all the vertices of Kp_3. 
< D>=K3, K3, Ps (or) KoU K,. 


Subcase 3.1. < D> Kz. 


Since G is connected, every vertex of D is adjacent to at least one vertex of Ky—-3. Let x be 
adjacent to 7 (1 <i < p—A4) vertices of Kp-3. 

If y (or) z is adjacent to at least two vertices of Kp—3, then yera(G) < p—4. Therefore, both 
y and z are adjacent to exactly one vertex of K,-3. That is, G is the graph obtained from K,~3 by 
joining vertices of 3K1 to the vertices of Kp—-3 such that one is adjacent to any of thei (1 <i <p-—4) 
vertices of Ky,—3 and each of the remaining two is adjacent to exactly one vertex of K,—3 and hence 
Ge F3(Kp-s, 3K1). 


Subcase 3.2. < D> Kz. 


Since G is connected, at least one vertex of K3 is adjacent to vertices of Kp—3. If there exist 
vertices ui,uj € Kp—3 such that ui € N(x)N (N(y))°N Kp—3 and uz € (N(x))°N (N(y))°N Kp_s, then 
the set V(G) — {x,y, ui, uj} is a Yera-set of G and hence yera(G) = p — 4. 

Similarly in the case, when ui € N(y)N(N(z))° and u; € (N(x))°A(N(y))° (or) ws € N(z)A(N(2))° 
and u; € (N(z))°N (N(a))° in Kp-_s. 

Therefore, either (i) N(x) Kp-3 = N(y)NKp-3 = N(z)NKp-s (or) (ii) N(@)NKp_3, N(y)NKp-3, 
N(z)M Kp-3 are mutually distinct and each has (p— 4) vertices. That is, G is the graph obtained from 
Ky~-3 by joining each of the vertices of K3 either to the same i (1 < i < p—4) vertices of Kp—3 (or) to 
distinct (p — 4) vertices of Kp-3. Therefore, G € Kj}_3(K3) (or) G € Ky_3(K3). 


Subcase 3.3. < D>2 Kk2U kK. 
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Let x,y € V(K2) and z € V(K1) since G is connected, at least one of the vertices of K2 and z is 
adjacent to vertices of Kp-3. Denote GN Kp-3 by G1. 


(t) Let one of x and y, say x be adjacent to vertices of Kp—3. That is, dega,(y) = 1. 

Let x be adjacent to at least two vertices of Kp-3. That is, degc, (x) > 2. Assume dega, (z) > 2. 
If there exist ui, uj € Kp—3 such that u; € N(x)N.N(z) and u; € (N(x))°N(N(z))° or if N(x) Kp_3 = 
N(z) Kp-s3 and if each set has (p— 4) vertices, then yera(G) = p—4. Therefore, we have the following 


cases: 


(a) N(x) NM Kp-3 and N(z)M Kp-s3 are distinct, and each set has (p — 4) vertices or 

(b) dega,(z) = 1. That is, G is the graph obtained from Kp-3 by joining exactly one of the 
vertices of K2 and a new vertex to distinct (p — 4) vertices of Kp-3 or G is the graph obtained from 
Ky-3 by attaching a pendant edge and joining exactly one vertex of K2 toi (1 < i < p—A4) vertices of 
Kp-3- That is, GE Fy; (Kp-3, Ke U Ky) or Ge Pip (Kp—3, Ke Ww Ky). 


(ti) If each of x, y, z is adjacent to at least two vertices of Kp_3, then either V(G) —{z,y, z, ui, uy}, 
where wu; € N(x) (N(y))°N CN (z))°N Kp-3 and uj; € N(z) AN (N(2))°N (N(y))°N Kp-s (or) V(G) — 
{x,y, ui, uj}, where us € N(x) (N(y))°N Kp_3 and uz € (N(x))°N(N(y))°O Kp-sa is a Yeta-set of G. 

Similarly, if either N(x) M Kp-3 = N(y)N Kp-3 = N(z)M Kp-3 and 2 < |N(x)N Kp_3| < p— 4. 
(or) N(x) M Kp-3, N(y) NM Kp-3, and N(z)M Kp-3 are distinct and each set has the same number i 
(2 <i<p-—A) of elements, then also yerq(G) = p — 4. 

Hence, each of x,y and z is adjacent to exactly one vertex of K,-3. That is, G is the graph 
obtained from Ky-3 by attaching a pendant edge and joining two vertices of K2 to vertices of Kp-3 
such that each is adjacent to exactly one vertex of Kp—3. Hence, G € Fug(Kp—2, Ko U Ki). 


Subcase 3.4. < D>& P3. 
Since G is connected, at least one of the vertices of P3 is adjacent to vertices of Kp—3. Let x and 


z be the pendant vertices and y be the central vertex of P3. 


(«) Assume exactly one of x,y, z is adjacent to vertices of Kp_3. If degc, (x) > 2, then yeta(G) = 
p—A4. Hence, degg, (x) = 1. That is, G is the graph obtained from Ky ~3 by attaching a path of length 
3 at a vertex of Ky_3 (or) that is, G € Kp—3(Ps) (or) G is the graph obtained from K,~3 by joining 
the central vertex of P3 toi (1 <i< p-—4) vertices of Kp—3, that is, G € F51(Kp-s, Ps). 


(zi) Assume any two of x,y,z are adjacent to vertices of Kp-3. 
(a 
( 


If x and z are adjacent to vertices of Kp—3, then ycta(G) = p — 4. 


Let x and y be adjacent to vertices of Ky—3. If there exist vertices ui,u; € Kyp—3 such that 
ui € N(a) MN (N(y))° and u; € (N(xz))°N (N(y))°, then also yera(G) = p — 4. Therefore, either 


(a) N(x) Kp-3 = N(y)N Kp-s or 
(b) N(a)M Kp—3 and N(y) M Kp-3 are distinct and each set has (p — 4) vertices. That is, G is 


the graph obtained from K,-3 by joining one pendant vertex and the central vertex of P3 to the same 


) 
) 
( 
) 


i (1 <i < p-—A) vertices of K,-3 (or) G is the graph obtained from K,p_3 by joining one pendant 
vertex and the central vertex of P3 to the distinct (p — 4) vertices of Kp—3. i.e., G € F52(Kp-—3, P3) or 
G € F53(Kp_3, Ps). 

(tit) Assume x,y and z are adjacent to vertices of Kp—3. As in Subcase 3.3, if N(x) € Kp-3 = 
N(y) 1 Kp-3 = N(z)M Kp-3 and 1 < |N(x)M Kp_3| < (p — 4) or N(x) Kp_3, N(y) M Kp—3 and 
N(z)M Kp-3 are distinct and each of these sets are distinct and has (p — 4) vertices. Hence, G is the 
graph obtained from Kp~3 by joining each of the vertices of P3 to distinct (p — 4) vertices of Kp-3. 
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That is, G € Ky/_3(P3). 
If G does not contain a clique K,—3 on (p — 3) vertices, then it can be verified that no new graph 


exists. 


Case 4. Yera(G) = p— 4 and x(G) = p— 2. 

x(G) = p—2 implies that G either contains or does not contains a clique Kp—2 on (p— 2) vertices. 
Assume G contains a clique Kp—2 on p— 2 vertices. Let V(G) — V(Kp_2) = {x,y}. If x and y are 
non-adjacent then as in Subcase 3.1 of Theorem 2.1, G is the graph obtained from Ky -2 by joining 
two non-adjacent vertices to vertices of Kp—-2 such that each is adjacent to at least i (2 <i < p—3) 
vertices of Kp—2. That is, G € Ky” 9(2K1). 

If x and y are adjacent, then as in subcase 3.2 of Theorem 2.1, G is the graph obtained from 
Kp-—2 by joining each of the vertices of K2 to i (1 < i < p—83) distinct vertices of Kp—2. That is, 
G € Fo2(Kp-2, K2). If G does not contains a clique on p — 2 vertices, then no new graph exists. For 


the cases yera(G) = p— 5 and x(G) = p— 1 and Yra(G) = p — 6 and x(G) = p, no graph exists. 


From cases 1 - 4, we can conclude that G can be one of the graphs given in the theorem. 


Remark 2.2 For any connected graph with p (4 < p < 6) vertices, ycta(G) + x(G) = 2p — 6 if and 
only if G is one of the following graphs. 
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Abstract: A set-labeling of a graph G is an injective function f : V(G) — P(X), where 
X is a finite set of non-negative integers and a set-indexer of G is a set-labeling such that 
the induced function f©® : E(G) — P(X) — {0} defined by f©(uv) = f(u)@f(v) for every 
uv€ E(G) is also injective. A set-indexer f : V(G) — P(X) is called a set-sequential labeling 
of G if f°(V(G) U E(G)) = P(X) — {0}. A graph G which admits a set-sequential labeling 
is called a set-sequential graph. An integer additive set-labeling is an injective function 
f : V(G) — P(No), No is the set of all non-negative integers and an integer additive set- 
indexer is an integer additive set-labeling such that the induced function f* : E(G) — P(No) 
defined by f* (uv) = f(u) + f(v) is also injective. In this paper, we extend the concepts of 
set-sequential labeling to integer additive set-labelings of graphs and provide some results 


on them. 


Key Words: Integer additive set-indexers, set-sequential graphs, integer additive set- 


labeling, integer additive set-sequential labeling, integer additive set-sequential graphs. 


AMS(2010): 05C78. 


§1. Introduction 


For all terms and definitions, not defined specifically in this paper, we refer to [4], [5] and [9] and for 
more about graph labeling, we refer to [6]. Unless mentioned otherwise, all graphs considered here are 
simple, finite and have no isolated vertices. 

All sets mentioned in this paper are finite sets of non-negative integers. We denote the cardinality 
of a set A by |A|. We denote, by X, the finite ground set of non-negative integers that is used for 
set-labeling the elements of G and cardinality of X by n. 

The research in graph labeling commenced with the introduction of G-valuations of graphs in [10]. 
Analogous to the number valuations of graphs, the concepts of set-labelings and set-indexers of graphs 
are introduced in [1] as follows. 

Let G be a (p,q)-graph. Let X, Y and Z be non-empty sets and P(X), P(Y) and P(Z) be their 
power sets. Then, the functions f : V(G) — P(X), f : E(G) — P(Y) and f : V(G) U E(G) — P(Z) 


are called the set-assignments of vertices, edges and elements of G respectively. By a set-assignment 


lReceived December 31, 2014, Accepted August 31, 2015. 


126 N.K.Sudev and K.A.Germina 


of a graph, we mean any one of them. A set-assignment is called a set-labeling or a set-valuation if it 
is injective. 

A graph with a set-labeling f is denoted by (G, f) and is referred to as a set-labeled graph or 
a set-valued graph. For a (p,q)- graph G = (V,) and a non-empty set X of cardinality n, a set- 
indexer of G is defined as an injective set-valued function f : V(G) — P(X) such that the function 
f® : E(G) > P(X) — {0} defined by f®(uv) = f(wW@f(v) for every wv€ E(G) is also injective, where 
P(X) is the set of all subsets of X and © is the symmetric difference of sets. 


Theorem 1.1([1]) Every graph has a set-indezer. 


Analogous to graceful labeling of graphs, the concept of set-graceful labeling and set-sequential 


labeling of a graph are defined in [1] as follows. 


Let G be a graph and let X be a non-empty set. A set-indexer f : V(G) — P(X) is called a 
set-graceful labeling of G if f®(E(G)) = P(X) — {0}. A graph G which admits a set-graceful labeling 
is called a set-graceful graph. 

Let G be a graph and let X be a non-empty set. A set-indexer f : V(G) — P(X) is called a 
set-sequential labeling of G if f°(V(G)UE(G)) = P(X) —{0}. A graph G which admits a set-sequential 
labeling is called a set-sequential graph. 

Let A and B be two non-empty sets. Then, their sum set, denoted by A+ B, is defined to be 
the st A+ B={a+b:aeA,be B}. If C= A+B, then A and B are said to be the summands 


of C’. Using the concepts of sum sets of sets of non-negative integers, the notion of integer additive 


set-labeling of a given graph G is introduced as follows. 

Let No be the set of all non-negative integers. An integer additive set-labeling (IASL, in short) of 
graph G is an injective function f : V(G) > P(No) such that the induced function ft : E(G) + P(No) 
is defined by f* (uv) = f(u) + f(v) for Vuv € E(G). A graph G which admits an IASL is called an 
IASL graph. 

An integer additive set-labeling f is an integer additive set-indexer (IASI, in short) if the induced 
function f* : E(G) — P(No) defined by ft (uv) = f(u) + f(v) is injective(see [7]). A graph G which 
admits an IASI is called an IASI graph. 

The following notions are introduced in [11] and [8]. The cardinality of the set-label of an element 
(vertex or edge) of a graph G is called the set-indering number of that element. An IASL (or an IASI) 
is said to be a k-uniform IASL (or k-uniform IASI) if |f*(e)| =k V e € E(G). The vertex set V(G) is 


called l-uniformly set-indexed, if all the vertices of G have the set-indexing number J. 


Definition 1.2({13]) Let G be a graph and let X be a non-empty set. An integer additive set-indexer 
f : V(G) — P(X) — {0} ts called a integer additive set-graceful labeling (IASGL, in short) of G if 
ft (E(G)) = P(X)—{0,{0}}. A graph G which admits an integer additive set-graceful labeling is called 
an integer additive set-graceful graph (in short, [ASG-graph). 


Motivated from the studies made in [2] and [3], in this paper, we extend the concepts of set- 
sequential labelings of graphs to integer additive set-sequential labelings and establish some results on 
them. 


§2. LASSL of Graphs 


First, note that under an integer additive set-labeling, no element of a given graph can have @ as its 
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set-labeling. Hence, we need to consider only non-empty subsets of X for set-labeling the elements of 
G. 

Let f be an integer additive set-indexer of a given graph G. Define a function f* : V(G)UE(G) > 
P(X) — {0} as follows. 


pe [fo trevo) Ss 
ft(a) ifa¢ E(G) 

Clearly, f*[V(G) U E(G)] = f(V(G)) U ft (E(Q)). By the notation, f*(G), we mean f*[V(G)U 
E(G)|. Then, f* is an extension of both f and ft of G. Throughout our discussions in this paper, the 
function f* is as per the definition in Equation 2.1. 

Using the definition of new induced function f* of f, we introduce the following notion as a sum 


set analogue of set-sequential graphs. 


Definition 2.1 An IASI f of G is said to be an integer additive set-sequential labeling (IASSL) if the 
induced function f*(G) = f(V(G))U ft E(G)) = P(X) — {0}. A graph G which admits an [ASSL may 
be called an integer additive set-sequential graph ([ASS-graph). 


Hence, an integer additive set-sequential indexer can be defined as follows. 


Definition 2.2 An integer additive set-sequential labeling f of a given graph G is said to be an integer 
additive set-sequential indexer (IASSI) if the induced function f* is also injective. A graph G which 
admits an IASSI may be called an integer additive set-sequential indexed graph (IASSI-graph). 


A question that arouses much in this context is about the comparison between an IASGL and an 
IASSL of a given graph if they exist. The following theorem explains the relation between an IASGL 
and an IASSL of a given graph G. 


Theorem 2.3 Every integer additive set-graceful labeling of a graph G is also an integer additive 


set-sequential labeling of G. 


Proof Let f be an IASGL defined on a given graph G. Then, {0} € f(V(G)) (see [13]) and 
| ft (E(G))| = P(X) — {0, {0}}. Then, f*(G) contains all non-empty subsets of X. Therefore, f is an 
IASSL of G. 


Let us now verify the injectivity of the function f* in the following proposition. 


Proposition 2.4 Let G be a graph without isolated vertices. If the function f* is an injective, then no 
verter of G can have a set-label {0}. 

Proof If possible let a vertex, say v, has the set-label {0}. Since G is connected, v is adjacent to 
at least one vertex in G. Let u be an adjacent vertex of v in G and u has a set-label A C X. Then, 
f*(u) = f(u) = A and f*(uv) = f*(uv) = A, which is a contradiction to the hypothesis that f* is 


injective. 


In view of Observation 2.4, we notice the following points. 


Remark 2.5 Suppose that the function f* defined in (2.1) is injective. Then, if one vertex v of G has 
the set label {0}, then v is an isolated vertex of G. 


Remark 2.6 If the function f* defined in (2.1) is injective, then no edge of G can also have the set 
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label {O}. 


The following result is an immediate consequence of the addition theorem on sets in set theory 
and provides a relation connecting the size and order of a given IASS-graph G and the cardinality of 


its ground set X. 


Proposition 2.7 Let G be a graph on n vertices and m edges. If f is an IASSL of a graph G with 


respect to a ground set X, then m+n= Qix| (1+ 4), where « is the number of subsets of X which 


is the set-label of both a vertex and an edge. 


Proof Let f be an IASSL defined on a given graph G. Then, |f*(G)| = |f(V(G)) U f*(E(G))| = 
|P(X) — {0}| = 2'*! — 1. But by addition theorem on sets, we have 


If (@| = |F(V(G))U FT (E@))| 
That is, 21X!-1 = |f(V(G))|+1f*(E@)-lfV@)n ft (EO)! 
= |Vi+|E|-« 
Whence m+n = Pea es Ge 


This completes the proof. 


We say that two sets A and B are of same parity if their cardinalities are simultaneously odd or 


simultaneously even. Then, the following theorem is on the parity of the vertex set and edge set of G. 


Proposition 2.8 Let f be an IASSL of a given graph G, with respect to a ground set X. Then, if 
V(G) and E(G) are of same parity, then « is an odd integer and if V(G) and E(G) are of different 
parity, then K is an even integer, where k is the number of subsets of X which are the set-labels of both 


vertices and edges. 


Proof Let f be a integer additive set-sequential labeling of a given graph G. Then, f*(G) = 
P(X) — {0}. Therefore, |f*(G)| = 2'*! — 1, which is an odd integer. 


Case 1. Let V(G) and E(G) are of same parity. Then, |V| +|£| is an even integer. Then, by 


Proposition 2.7, il _ 1 — « is an even integer, which is possible only when « is an odd integer. 


Case 2. Let V(G) and E(G) are of different parity. Then, |V| + |£| is an odd integer. Then, by 


Proposition 2.7, 2iXl _ 1 — « is an odd integer, which is possible only when « is an even integer. 


A relation between integer additive set-graceful labeling and an integer additive set-sequential 
labeling of a graph is established in the following result. 
The following result determines the minimum number of vertices in a graph that admits an IASSL 


with respect to a finite non-empty set X. 


Theorem 2.9 Let X be a non-empty finite set of non-negative integers. Then, a graph G that admits 
an IASSL with respect to X have at least p vertices, where p is the number of elements in P(X) which 


are not the sum sets of any two elements of P(X). 


Proof Let f be an IASSL of a given graph G, with respect to a given ground set X. Let A be 
the collection of subsets of X such that no element in A is the sum sets any two subsets of X. Since f 
an IASL of G, all edge of G must have the set-labels which are the sum sets of the set-labels of their 
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end vertices. Hence, no element in A can be the set-label of any edge of G. But, since f is an IASSL 
of G, AC f*(G) = f(V(G)) U ft (E(G)). Therefore, the minimum number of vertices of G is equal to 


the number of elements in the set A. 


The structural properties of graphs which admit IASSLs arouse much interests. In the example of 
IASS-graphs, given in Figure 1, the graph G has some pendant vertices. Hence, there arises following 
questions in this context. Do an IASS-graph necessarily have pendant vertices? If so, what is the 
number of pendant vertices required for a graph G to admit an IASSL? Let us now proceed to find the 
solutions to these problems. 

The minimum number of pendant vertices required in a given IASS-graph is explained in the 


following Theorem. 


Theorem 2.10 Let G admits an IASSL with respect to a ground set X and let B be the collection of 
subsets of X which are neither the sum sets of any two subsets of X nor their sum sets are subsets of 


X. If B is non-empty, then 


(1) {0} is the set-label of a vertex in G; 


(2) the minimum number pendant vertices in G is cardinality of B. 


Remark 2.11 Since the ground set X of an IASS-graph must contain the element 0, every subset A; 
of X sum set of {0} and A; itself. In this sense, each subset A; may be considered as a trivial sum set 
of two subsets of X. 

In the following discussions, by a sum set of subsets of X, we mean the non-trivial sum sets of 
subsets of X. 


Proof Let f be an IASSL of G with respect to a ground set X. Also, let B be the collection of 
subsets of X which are neither the sum sets of any two subsets of X nor their sum sets are subsets 
of X. Let A C X be an element of 8. then A must be the set-label of a vertex of G. Since A € B, 
the only set that can be adjacent to A is {0}. Therefore, since G is a connected graph, {0} must be 


the set-label of a vertex of G. More over, since A is an arbitrary vertex in 6, the minimum number of 


pendant vertices in G is |B]. 


The following result thus establishes the existence of pendant vertices in an IASS-graph. 


Theorem 2.12 Every graph that admits an IASSL, with respect to a non-empty finite ground set X, 


have at least one pendant vertex. 


Proof Let the graph G admits an IASSL f with respect to a ground set X. Let B be the collection 
of subsets of X which are neither the sum sets of any two subsets of X nor their sum sets are subsets 
of X. 

We claim that 6 is non-empty, which can be proved as follows. Since X is a finite set of non- 
negative integers, X has a smallest element, say x1, and a greatest element x;. Then, the subset 
{x1,21} belongs to f*(G). Since it is not the sum set any sets and is not a summand of any set in 
P(X), {x1,2,} € B. Therefore, B is non-empty. 


Since 6B is non-empty, by Theorem 2.10, G has some pendant vertices. 


Remark 2.13 In view of the above results, we can make the following observations. 


(1) No cycle C, can have an IASSL; 
(2) For n > 2, no complete graph K,, admits an IASSL. 
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(3) No complete bipartite graph Km,n admits an IASL. 


The following result establish the existence of a graph that admits an IASSL with respect to a 


given ground set X. 


Theorem 2.14 For any non-empty finite set X of non-negative integers containing 0, there exists a 
graph G which admits an IASSL with respect to X. 


Proof Let X be a given non-empty finite set containing the element 0 and let A = {Aj}, be 
the collection of subsets of X which are not the sum sets of any two subsets of X. Then, the set 
A' = P(X) —AU {0} is the set of all subsets of X which are the sum sets of any two subsets of X and 
hence the sum sets of two elements in A. 

What we need here is to construct a graph which admits an IASSL with respect to X. For this, 
begin with a vertex v1. Label the vertex v1 by the set A; = {0}. For 1 <i < |AJ|, create a new vertex 
vu; corresponding to each element in A and label v; by the set A; € A. Then, connect each of these 
vertices to Vi as these vertices v; can be adjacent only to the vertex vi. Now that all elements in A 
are the set-labels of vertices of G, it remains the elements of A’ for labeling the elements of G. For 
any Al. € A’, we have Ai. = A; + A;, where A;, A; € A. Then, draw an edge e, between v; and v; so 
that e, has the set-label A’.. This process can be repeated until all the elements in A’ are also used for 
labeling the elements of G. Then, the resultant graph is an IASS-graph with respect to the ground set 
Xx. 


Figure 1 illustrates the existence of an IASSL for a given graph G. 


{0,3} {0,1,2} {2} 


{0,2,3} 


{0,1,3} {0,2} 


Figure 1 


On the other hand, for a given graph G, the choice of a ground set X is also very important to have 
an integer additive set-sequential labeling. There are certain other restrictions in assigning set-labels 
to the elements of G. We explore the properties of a graph G that admits an IASSL with respect to a 


given ground set X. As a result, we have the following observations. 


Proposition 2.15 Let G be a connected integer additive set-sequential graph with respect to a ground 
set X. Let x1 and x2 be the two minimal non-zero elements of X. Then, no edges of G can have the 
set-labels {21} and {x2}. 


Proof In any IASL-graph G, the set-label of an edge is the sum set of the set-labels of its end 


vertices. Therefore, a subset A of the ground set X, that is not a sum set of any two subsets of X, can 
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not be the set-label of any edge of G. Since x1 and x2 are the minimal non-zero elements of X, {x1} 


and {#2} can not be the set-labels of any edge of G. 


Proposition 2.16 Let G be a connected integer additive set-sequential graph with respect to a ground 
set X. Then, any subset A of X that contains the maximal element of X can be the set-label of a vertex 


v of G if and only if v is a pendant vertex that is adjacent to the verter u having the set-label {0}. 


Proof Let x, be the maximal element in X and let A be a subset of X that contains the element 
In. If possible, let A be the set-label of a vertex , say v, in G. Since G is a connected graph, there 
exists at least one vertex in G that is adjacent to v. Let u be an adjacent vertex of v in G and let B 
be its set-label. Then, the edge wv has the set-label A+ B. If B # {0}, then there exists at least one 
element x; #4 0 in B and hence x; + x, ¢ X and hence not in A+ B, which is a contradiction to the 
fact that G is an IASS-graph. 


Let us now discuss whether trees admit integer additive set-sequential labeling, with respect to a 


given ground set X. 


Theorem 2.17 A tree G admits an IASSL f with respect to a finite ground set X, then G has Dest 
vertices. 


Proof Let G be a tree on n vertices. If possible, let G admits an IASSI. Then, |E(G)| =n —-1. 
Therefore, |V(G)|+|E(G)| = n+n—1 = 2n—1. But, by Theorem 2.9, 2/*!—1 = 2n-1 n= 2iXl-1, 


Invoking the above results, we arrive at the following conclusion. 


Theorem 2.18 No connected graph G admits an integer additive set-sequential indexer. 


Proof Let G be a connected graph which admits an IASI f. By Proposition 2.4, if the induced 
function f* is injective, then {0} can not be the set-label of any element of G. But, by Propositions 


2.15 and 2.16, every connected IASS-graph has a vertex with the set-label {0}. Hence, a connected 


graph G can not have an JASSI. 


The problem of characterizing (disconnected) graphs that admit IASSIs is relevant and interesting 


in this situation. Hence, we have 


Theorem 2.19 A graph G admits an integer additive set-sequential indexer f with respect to a ground 
set X if and only if G has p’ isolated vertices, where p’ is the number of subsets of X which are neither 


the sum sets of any two subsets of X nor the summands of any subsets of X. 


Proof Let f be an IASI defined on G, with respect to a ground set X. Let B be the collection of 
subsets of X which are neither the sum sets of any two subsets of X nor the summands of any subsets 
of X. 

Assume that f is an IASSI of G. Then, the induced function f* is an injective function. We have 
already showed that B is a non-empty set. By Theorem 2.10, {0} must be the set-label of one vertex 
v in G and the vertices of G with set-labels from 6 can be adjacent only to the vertex v. By Remark 
2.5, v must be an isolated vertex in G. Also note that {0} is lso an element in B. Therefore, all the 
vertices which have set-labels from 6B must also be isolated vertices of G. Hence G has p’ = |B] isolated 
vertices. 


Conversely, assume that G has p’ = |B| isolated vertices. Then, label the isolated vertices of G by 
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the sets in B in an injective manner. Now, label the other vertices of G in an injective manner by other 
non-empty subsets of X which are not the sum sets of subsets of X in such a way that the subsets of 
X which are the sum sets of subsets of X are the set-labels of the edges of G. Clearly, this labeling is 
an IASSI of G. 


Analogous to Theorem 2.14, we can also establish the existence of an IASSI-graph with respect 


to a given non-empty ground set X. 


Theorem 2.20 For any non-empty finite set X of non-negative integers, there exists a graph G which 
admits an IASSI with respect to X. 


Figure 2 illustrates the existence of an IASSL for a given graph with isolated vertices. 


{0,3} {0,1,2} {2} 
e 


{0,2,3}@ 0} 0,1} 


{0,P3} 


Figure 2 


§3. Conclusion 


In this paper, we have discussed an extension of set-sequential labeling of graphs to sum-set labelings 
and have studied the properties of certain graphs that admit IASSLs. Certain problems regarding the 
complete characterization of [ASSI-graphs are still open. 

We note that the admissibility of integer additive set-indexers by the graphs depends upon the 
nature of elements in X. A graph may admit an IASSL for some ground sets and may not admit an 
IASSL for some other ground sets. Hence, choosing a ground set is very important to discuss about 
IASSI-graphs. 

There are several problems in this area which are promising for further studies. Characterization 
of different graph classes which admit integer additive set-sequential labelings and verification of the 
existence of integer additive set-sequential labelings for different graph operations, graph products and 
graph products are some of them. The integer additive set-indexers under which the vertices of a given 


graph are labeled by different standard sequences of non-negative integers, are also worth studying. 
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In silence, in steadiness, in severe abstraction, let him hold by himself, add 
observation to observation, patient of neglect, patient of reproach , and bide his 
own time , happy enough if he can satisfy himself alone that the day he has seen 
something truly. 


By Ralph Waldo Emerson, an American thinker. 
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